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ABSTRACT
We compute two-component theoretical chromosphere models for K2 V stars with di†erent levels of

magnetic activity. The two components are a nonmagnetic component heated by acoustic waves and a
magnetic component heated by longitudinal tube waves. The Ðlling factor for the magnetic component is
determined from an observational relationship between the measured magnetic area coverage and the
stellar rotation period. We consider stellar rotation periods between 10 and 40 days. We investigate two
di†erent geometrical distributions of magnetic Ñux tubes : uniformly distributed tubes, and tubes
arranged as a chromospheric network embedded in the nonmagnetic region. The chromosphere models
are constructed by performing state-of-the-art calculations for the generation of acoustic and magnetic
energy in stellar convection zones, the propagation and dissipation of this energy at the di†erent atmo-
spheric heights, and the formation of speciÐc chromospheric emission lines that are then compared to
the observational data. In all these steps, the two-component structure of stellar photospheres and
chromospheres is fully taken into account. We Ðnd that heating and chromospheric emission is signiÐ-
cantly increased in the magnetic component and is strongest in Ñux tubes that spread the least with
height, expected to occur on rapidly rotating stars with high magnetic Ðlling factors. For stars with very
slow rotation, we are able to reproduce the basal Ñux limit of chromospheric emission previously identi-
Ðed with nonmagnetic regions. Most importantly, however, we Ðnd that the relationship between the
Ca II H]K emission and the stellar rotation rate deduced from our models is consistent with the
relationship given by observations.
Subject headings : line : formation È MHD È stars : activity È stars : chromospheres È

stars : late-type È stars : rotation

1. INTRODUCTION

An outstanding problem in current stellar astrophysics
research is to identify the physical processes responsible for
heating stellar chromospheres. It is now commonly
accepted that two di†erent types of mechanisms for the
chromospheric heating exist, which can broadly be classi-
Ðed as magnetic and acoustic heating (see reviews by
Narain & Ulmschneider 1990, 1996). For the Sun and other
types of stars with surface convection zones, acoustic
heating has been identiÐed as most likely responsible for
balancing the ““ basal ÏÏ Ñux emission. Buchholz, Ulmschnei-
der, & Cuntz (1998, hereafter B98) have calculated acoustic
heating models for inactive main-sequence stars and giants
and have shown that the observed Mg II h ] k and
Ca II H ] K emission can be well reproduced by those
models. Similar results but for inactive M-type dwarfs have
been obtained by Mullan & Cheng (1993). So far, the most
sophisticated test of the acoustic heating picture has been
performed by Carlsson & Stein (1992) who found that the
dissipation of acoustic wave energy in the solar chromo-
sphere can be used to reproduce the temporal variations of
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the Ca II K line proÐle observed in the solar internetwork
regions.

On the other hand, it is also well known that most, if not
all, stars also exhibit magnetic activity. Thus, chromo-
spheres of main-sequence stars are expected to consist of
both magnetically and acoustically heated components. In
case of the Sun, the magnetic activity is governed by the
large variety of magnetic surface structures (e.g., Schrijver
1996). In various other stars, the existence of magnetic
heating can directly be inferred from the observed increase
of the chromospheric and transition layer emission with
stellar rotation that has been found in both dwarfs (Rutten
1986, 1987 ; Schrijver 1987) and (sub-)giants (Rutten 1987 ;
Rutten & Pylyser 1988 ; Simon & Drake 1989 ; Gray 1989 ;
Strassmeier et al. 1994). Increased stellar rotation usually
leads to an increased photospheric magnetic Ñux (PB0 f0),where is the photospheric magnetic Ðeld strength andB0 f0is the magnetic Ðlling factor. In fact, it is now possible to
link to both the stellar rotation period (Marcy &B0 f0 ProtBasri 1989 ; Montesinos & Jordan 1993 ; Saar 1996a ; see
also Cuntz, Ulmschneider, & Musielak 1998, hereafter C98)
and to the emergent chromospheric emission Ñux (Saar &
Schrijver 1987 ; Schrijver et al. 1989 ; Montesinos & Jordan
1993 ; Saar 1996b ; Jordan 1997).

With respect to Ca II emission, a variety of studies have
been done. Three decades ago, Wilson & Skumanich (1964),
Wilson (1966), Kraft (1967), and others noted that chromo-
spheric Ca II emissionÈknown to be a proxy for magnetic
activity on the SunÈwas correlated with stellar age and
rotation, decreasing systematically from young cluster stars
to old Ðeld stars. At the time, Skumanich (1972) proposed
the now famous t~1@2 law to describe the decay of the
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observed Ca II Ñux and the stellar spin. The decline in rota-
tion was attributed to a steady loss of angular momentum
in the coronal wind, itself a by-product of the activity,
whereas the decrease in chromospheric activity was
ascribed to a weakening of the spin-catalyzed magnetic
““ dynamo.ÏÏ Skumanich was Ðrst to realize that the link
between activity and rotation is a causal one rather than
given by observational coincidence. Noyes et al. (1984) iden-
tiÐed a tight correlation between the Ca II emission and the
Rossby number, a key parameter in dynamo theories (see
also Jordan 1997 for details). Additional observational
results were presented by Simon, Herbig, & Boesgaard
(1985) and Ayres et al. (1996). The latter authors used the
Hubble Space Telescope to observe the UV emission of
solar-type stars in clusters of di†erent ages. These obser-
vations provide strong evidence for the decay of the
chromospheric and transition-layer activity with rotation
rate.

Theoretical models of the long-term time evolution of
dynamo action are given by Schrijver & Pols (1993), Rosner
et al. (1995), Keppens, MacGregor, & Charbonneau (1995),
and Charbonneau, Schrijver, & MacGregor (1997). The
latter two studies contain a detailed MHD description of
the time development of the internal angular momentum
redistribution allowing estimates about the surface mag-
netic Ðeld strength and rotational velocities of main-
sequence stars. These studies now provide the theoretical
basis for explaining why the decrease of stellar rotation also
invokes reduced values of If magnetic activity is con-B0 f0.centrated within distinct active regions, and the star is not
seen pole-on, rotationally modulated chromospheric emis-
sion will result (e.g., Baliunas et al. 1983, 1995 ; Char et al.
1993 ; Walter 1996). Chromospheric heating in magnetically
active stars thus depends on and details of the photo-B0, f0spheric magnetic Ðeld structure.

In our new theoretical chromospheric models, serious
e†orts have been made to accomplish three distinctly di†er-
ent steps in the modeling process, namely, to calculate the
acoustic and magnetic energy generation in the stellar con-
vection zone, to model the propagation and dissipation of
acoustic and magnetic energy at di†erent atmospheric
heights, and to simulate the formation of speciÐc chromo-
spheric emission lines that are then compared with obser-
vations. In all these steps, the two-component structure of
stellar photospheres and chromospheres is fully taken into
account. The method used for calculating the acoustically
heated component of stellar chromospheres is the same as
that used by B98. Computation of the propagation of non-
linear and radiatively damped longitudinal tube waves in
the magnetically heated component is based on previous
work (see Herbold et al. 1985 ; Rammacher & Ulmschneider
1989 ; Ulmschneider, & Musielak 1991). Ram-Za� hringer,
macher & Ulmschneider studied the formation of Ca II and
Mg II emission lines inside magnetic tube waves embedded
in the solar atmosphere for di†erent wave energy Ñuxes and
Ðlling factors. Other results concerning the propagation and
dissipation of longitudinal tube waves are described in
Roberts (1991) and more recently by Steiner, &Bu� nte,
Pizzo (1993), Steiner et al. (1996), Fawzy, Ulmschneider, &
Cuntz (1998), and C98.

The main goal of this paper is to construct theoretical
two-component chromosphere models for K2 V stars.
These models are constructed by using newly calculated
wave energy Ñuxes for longitudinal Ñux tube waves in stellar

atmospheres (Ulmschneider & Musielak 1998) and our
newly improved numerical codes for the wave propagation
and the line formation. In the C98 paper, we discussed the
basic hydrodynamic and thermodynamic properties of
magnetic Ñux tubes in K2 V stars of di†erent magnetic
activity and thus constructed isolated Ñux tubes. It was
assumed that the shape of these single tubes was determined
by the number of Ñux tubes spread over the stellar surface.
The number of Ñux tubes is given by the magnetic Ðlling
factor. In this paper, we construct models for both non-
magnetic and magnetic regions. For the latter, we consider
two di†erent cases, namely, uniformly distributed magnetic
Ñux tubes and tubes arranged as a chromospheric network
embedded in the nonmagnetic regions of stellar atmo-
spheres. The Ca II Ñux resulting from these theoretical two-
component chromosphere models is computed for K2 V
stars of di†erent rotation rate by using a multiray radiative
transfer code. The theoretical Ca II emissionÈstellar rotation
relationship is derived and directly compared to the obser-
vational data. Eventually, we Ðnd good agreement between
the theoretical and observational relationship.

The paper is structured as follows : In ° 2, we discuss the
methods used. In ° 3, we present our numerical results. In
° 4, we discuss the comparison with observations. Conclu-
sions are given in ° 5.

2. METHOD AND MODEL ASSUMPTIONS

2.1. Stellar Parameters and Magnetic Flux
Tube Distribution

For our K2 V star models, we take the following stellar
parameters : K, andTeff \ 4900 log g

*
\ 4.51 (cgs), R

*
\

0.8 Several assumptions must be made to select prop-R
_

.
erly the magnetic parameters of this star, i.e., and thef0, B0,
shape and distribution of the magnetic Ñux tubes on the
stellar surface. For the Ñux tube distribution, we consider
the tubes to be arranged as a chromospheric network and
to be distributed uniformly over the stellar surface. Since
the tubes in the chromospheric network are more crowded
than in the other case, the spreading of these tubes (i.e., the
increase of their cross sections with atmospheric height) is
reduced, which ampliÐes the local heating and in most cases
also leads the enhanced radiative emission (see C98 and
Fawzy et al. 1998). Nonetheless, the surface-averaged inf0both types of models is identical and chosen in accordance
with the observational constraints discussed below.

To calculate inside the tubes at the photospheric levelB0we assume approximate equipartition betweenq5000\ 1,
the external gas pressure and magnetic pressure (e.g.,
Solanki 1996 ; Hasan & van Ballegooijen 1998) and take the
gas pressure inside and outside the tube and(p

i
p
e
,

respectively) to be related to each other by Thep
i
:p

e
\ 1 :4.

latter value has been obtained for the Sun, and it is assumed
here that the same relationship holds for K2 V stars. This
gives G, independent of stellar rotation. As weB0\ 2100
want to construct two-component chromosphere models
for stars of the same spectral type but di†erent magnetic
activity (and thereby di†erent rotation), is constant, andB0so must be related to the stellar rotation periodf0 Prot.Earlier e†orts to link to have been described byB0 f0 ProtMarcy & Basri (1989), Montesinos & Jordan (1993), and
others (e.g., Jordan 1997 and references therein). More
recent results have shown that the previous measurements
of were often too high by a factor of 2 or more (seeB0 f0



No. 2, 1999 Ca II EMISSIONÈSTELLAR ROTATION RELATIONSHIP 1055

Basri, Marcy, & Valenti 1990 ; Saar, & Solanki 1994 ;Bu� nte,
Valenti, Marcy, & Basri 1995).

In this paper, we use the relation of C98, whichB0 f0-Protwas derived on the basis of the most recent observational
results of et al. (1997). They present an analysis of 13Ru� edi
high-quality optical spectra for late-type dwarfs (G1ÈK5)
with di†erent rotation rates and di†erent levels of activity.
A statistical analysis of these results yields

B0 f0\ 238 [ 5.51Prot
for 10 days with in G and in days.days ¹Prot ¹ 50 B0 ProtThis relation is strictly valid only in a statistical sense for a
set of stars but may also be used to construct theoretical
models for individual stars (see C98). In addition, by
specifying the photospheric Ðlling factor is directlyB0 f0linked to (see Table 1). According to the results present-Proted in this table, both the photospheric and chromospheric
magnetic Ðlling factors, i.e., and respectively, for fastf0 fN,
rotating stars are much larger than those for slow rotating
stars. This again implies that fast rotating stars have much
higher surface coverage by magnetic Ñux tubes than slow
rotating stars.

The Ðlling factors given in Table 1 can also be used to
constrain the shape of magnetic Ñux tubes in stellar atmo-
spheres. The geometrical structure of these tubes is deter-
mined in the following way. First, the diameter of(\2r0)the tubes at the bottom is assumed to be equal to the local
density scale height, which is 110 km, similar to that of the
Sun. Second, it is assumed that the tubes spread exponen-
tially with height between the bottom, where the wave gen-
eration takes place, and a height of 100 km (for stars with

days) and 500 km (for days). This meansProt \ 10 Prot \ 40
that the interaction between the tubes in stellar atmo-
spheres is largely negligible below the chosen heights.
Hence, the Ðlling factors determine the top opening radii of
the tubes (see Table 1) for tubes embedded in atmospheres
of stars with di†erent rotation rates (see Appendix A for
details). To determine the tube spreading function for the
region beneath the top opening radius, we use a segment of
a cosine function, which has the property of being di†eren-
tiable at the Ðtting point. The shape of the tubes as well as
the height dependence of the Ðlling factors for di†erent Ñux
tube models are shown in Figures 1 and 2, respectively. At

TABLE 1

FLUX TUBE PARAMETERS

Prot f0B0 r=
(days) (G) f0 f

N
f
C

(km)

Network Tubes

10 . . . . . . 183 0.087 0.348 0.305 93
20 . . . . . . 128 0.061 0.243 0.305 111
30 . . . . . . 73 0.035 0.138 0.305 148
40 . . . . . . 18 0.008 0.033 0.305 300

Uniformly Distributed Tubes

10 . . . . . . 183 0.087 . . . 1.0 165
20 . . . . . . 128 0.061 . . . 1.0 197
30 . . . . . . 73 0.035 . . . 1.0 260
40 . . . . . . 18 0.008 . . . 1.0 545

NOTE.ÈThe network tubes have parameters consistent
with the tube models of C98. For explanation of symbols
see ° 2.1 and Appendix A.

FIG. 1.ÈShape of Ñux tubes. The Ñux tube parameters correspond to
uniformly distributed tubes.

the height where the tubes merge, the Ðlling factors are
given by n/4. They are extrapolated to unity at the height
z\ 1500 km, where our calculations are terminated. This
extrapolation ensures that the area between the Ñux tubes is
also Ðlled by magnetic Ðelds as required by the physical
picture. The type of extrapolation, however, is largely irrele-
vant for our models because the formation of Ca II H and K
lines (i.e., the primary concern of this paper) occurs at much
lower heights (see ° 3 for details).

FIG. 2.ÈMagnetic Ðlling factors for uniformly distributed tubes (solid
lines) and network tubes (dotted lines) as function of height. For the
network tubes, the Ðlling factors are for the network area only. The cases
shown are those for 20, 30, 40 days, respectively.Prot \ 10,
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In the case of magnetic Ñux tubes being arranged in a
chromospheric network, the chromospheric magnetic Ðlling
factor is well below unity, implying that the photospheric
Ñux tube distribution must be explicitly prescribed. We
assume that the chromosphere consists of block units of
length L with strips of width a representing the chromo-
spheric network. The total magnetic area is thus given by

F
S
\ 2aL [ a2 .

With being the photospheric magnetic Ðlling factorf
Swithin the strip and being the (average) photosphericf0Ðlling factor, we Ðnd

f
S
(2aL [ a2)\ f0 L2 .

Note that is related to (see C98) and is deÐned asf
S

f
N

\ 4f0(see Table 1). The discrepancy between andf
S
\ (n/4) f

N
f
S

f
Nis solely due to the di†erence between quadratic and circu-

lar tube expansion at the height of the tube merging. The
width of the strip a is given by where is the topa \ 2r=, r=opening radius of the tubes (see Appendix A). The number
of Ñux tubes N per strip of a block unit (i.e., chromospheric
network region) is given by N \ L /a. With and as freef0 f

Sparameters, N is given by

N \ ( f
S
/f0)(1] J1 [ f0/fS ) .

However, it is more convenient to select the average
chromospheric Ðlling factor rather than as free param-f

C
f
Seter to describe the number of Ñux tubes in a block unit of

the chromospheric network. In the case of Ñux tubes uni-
formly distributed on the stellar surface, we always have

In the case of Ñux tubes arranged as a chromo-f
C
\ 1.0.

spheric network, the number of tubes per strip depends on
The relation between and N is given byf

C
. f

C
f
C
\ (2N [ 1)a2/L2\ 2/N [ 1/N2 .

In our model, we intend to have which would givef
C
^ 0.30,

6.12 Ñux tubes per strip. As we want to use N \ 6 instead,
the resulting average chromospheric Ðlling factor is f

C
\

0.305. Thus, the described approach allows us to construct
generalized inhomogeneous Ñux tubes distributions with
Ñux tubes being arranged as a chromospheric network.

2.2. (Magneto-)Acoustic Energy Generation and
Wave Propagation

One of the main goals of this paper is to calculate the
efficiency of heating of the nonmagnetic and magnetic com-
ponents of stellar chromospheres. To perform these calcu-
lations, it is necessary to know the initial wave energy Ñuxes
carried by acoustic and longitudinal tube waves, and their
periods, which we obtain using the recent results of Ulmsch-
neider, Theurer, & Musielak (1996) and Ulmschneider &
Musielak (1998), respectively.

Acoustic wave energy spectra and Ñuxes for stars of dif-
ferent spectral types and di†erent luminosities have been
computed by Ulmschneider et al. (1996), who used the
Lighthill-Stein theory of sound generation with modiÐ-
cations described by Musielak et al. (1994). These modiÐ-
cations included an improved description of the spatial and
temporal parts of the turbulent energy spectrum in stellar
convection zones. The turbulence has been described by
using an extended Kolmogorov energy spectrum and a
modiÐed Gaussian frequency factor (the eKmG-spectrum).
There is only one free parameter in these calculations,

namely, the mixing-length parameter which is in theaML,range between 1.0 and 2.5 depending on the hydrodynamic
and thermodynamic structure of the convective Ñow (e.g.,
Cattaneo et al. 1991 ; Rast & Toomre 1993, and references
therein). One way of constraining is to evaluate up-to-aMLdate stellar convection models for speciÐc stars. Nordlund
& Dravins (1990) presented sophisticated time-dependent
convective models based on three-dimensional hydrody-
namics and three-dimensional nongray radiative transfer
for a set of main-sequence stars and subgiants. Based on a
set of models, which also included a K1 V star, they argued
that might be ^1.5 (or somewhat larger). This value isaMLadopted here, which according to Ulmschneider et al. (1996)
yields an initial acoustic wave energy Ñux of F

M
\ 8.0

] 106 ergs cm~2 s~1 for our target stars. Using the acoustic
wave energy spectra presented by the same authors, we Ðnd
that the maximum amount of energy is carried by acoustic
waves with period s. These values are thereforeP

w,ac \ 60
used in our acoustic wave calculations.

In recent computations for the generation of longitudinal
tube waves in the solar atmosphere (Ulmschneider &
Musielak 1998), the nonlinear time-dependent response of a
thin vertical Ñux tube to the external pressure Ñuctuations is
numerically simulated. The same method has been adopted
by Ulmschneider, Musielak, & Fawzy (1999) to calculate
the Ñuxes and spectra for longitudinal tube waves propagat-
ing in stellar atmospheres. These numerical Ñuxes are an
order of magnitude larger than those calculated using ana-
lytical methods (Musielak et al. 1995). Taking the mixing-
length parameter and using the results given byaML\ 1.5
Ulmschneider et al. (1998), we Ðnd that the energy Ñux
carried by longitudinal waves in atmospheres of K2 V stars
is ergs cm~2 s~1 largely independent of theF

M
\ 1.2 ] 108

tube shapes. For we would obtainaML\ 2.0, F
M

\ 1.8
] 108 ergs cm~2 s~1. The maximum energy is carried by
longitudinal tube waves that have periods close to 60 s. We
thus take s in our calculations. Now, we mustP

w,m \ 60
consider that the interaction between magnetic Ñux tubes
and the external turbulent motions leads not only to the
generation of longitudinal tube waves but also to transverse
tube waves. As shown by Huang, Musielak, & Ulmschnei-
der (1995), the efficiency of generation of these waves can be
1 order of magnitude higher than the longitudinal waves.
On the other hand, only a small fraction of this energy is
directly transferred to longitudinal waves as a result of non-
linear mode coupling (Ulmschneider et al. 1991). It is also
known that the energy carried by transverse tube waves
leaks efficiently to the external medium and that acoustic
waves present in the external medium promote the excita-
tion of longitudinal tube waves (Huang, Musielak, &
Ulmschneider 1999). Obviously, taking all these processes
into account is outside the scope of this paper. However, we
still must account for some of this extra energy available for
the heating. Hence, we correct the above-given initial wave
energy Ñux by adding to it a small fraction of the energy
carried by transverse tube waves. Writing F

M
\ FLTWand taking ergs cm~2 s~1,] gFTRW FLTW\ 1.2] 108

ergs cm~2 s~1, and g \ 0.1, we obtainFTRW\ 1.0] 109
ergs cm~2 s~1. This value is adopted forF

M
\ 2.2] 108

our calculations.
The computed initial wave energy Ñuxes and wave

periods can now be used to compute the models of acousti-
cally and magnetically heated components of stellar
chromospheres. The method for calculating the acoustically
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heated component is identical to that used by B98. We
utilize the modiÐed method of characteristics, as described
in our previous papers (Ulmschneider et al. 1977, 1978 ;
Schmitz, Ulmschneider, & Kalkofen 1985 ; Ulmschneider,
Muchmore, & Kalkofen 1987 ; Rammacher & Ulmschnei-
der 1992) to solve the one-dimensional hydrodynamic equa-
tions consisting of the continuity, momentum, and energy
equations. At the bottom of the atmosphere at optical depth

we introduce sinusoidal acoustic waves withq5000\ 1,
periods of 60 s and amplitudes determined by the adopted
initial wave energy Ñux. The propagation of these waves is
simulated numerically to the point of shock formation and
beyond. The shocks are treated as discontinuities by solving
the Rankine-Hugoniot equations for acoustic waves and
are permitted to grow to arbitrary strength. At the top of
the atmosphere we use a transmitting boundary condition
following Ulmschneider (1986). Radiative losses (and gains)
due to the H~ continuum and the Mg II k line are computed
by solving the corresponding radiative transfer equations.
This treatment requires additional explanation as in reality
there are many chromospheric lines (the Ca II H and K
lines, the Ca II infrared triplet, the Mg II h and k lines, and
Fe II linesÈjust to mention the most prominent ones) that
contribute signiÐcantly to the total radiative losses from
stellar chromospheres ; note that these lines have to be cal-
culated by solving radiative transfer equations with partial
redistribution (PRD) assuming multilevel atoms. The inclu-
sion of all these lines is, however, beyond the scope of the
present paper. Thus, our approach is to compute only the
Mg II k line, but with the complete redistribution (CRD)
and scale this line up to represent the total chromospheric
losses ; note that we could have taken either the Mg II h line
or one of the Ca II lines and obtain virtually the same result
by appropriate scaling. The radiative transfer equations
considered here are solved together with the statistical equi-
librium equations for NLTE populations. Compared to
earlier work, we also consider various technical improve-
ments, including the treatment of NLTE ionization for the
included chromospheric emitters (Rammacher & Cuntz
1991), and the use of the revised operator splitting method
for the Mg II k line (Buchholz et al. 1994) with the proper
inclusion of the shocks ; similar improvements are adopted
in our calculation of the Ca II emission lines (see ° 2.3). Now,
when the full balance is established between the locally dis-
sipated acoustic wave energy and the local radiative losses,
new values of atmospheric temperature and density are cal-
culated. This gives the time-dependent model for the acous-
tically heated component of stellar chromospheres.

To calculate the propagation and dissipation of longitu-
dinal tube waves, we use our previous treatment of these
waves in the solar atmosphere (e.g., Herbold et al. 1985 ;
Rammacher & Ulmschneider 1989 ; Fawzy et al. 1998). The
set of nonlinear MHD equations is simpliÐed by taking into
account the so-called thin Ñux tube approximation and is
solved by using the modiÐed method of characteristics (see
Appendix B). The waves are nonlinear and radiatively
damped. A thin, vertically oriented magnetic tube is embed-
ded in a magnetic-free medium, and the initial wave energy
Ñux is imposed on the tube at the atmospheric height corre-
sponding to the optical depth The propagationq5000\ 1.
of longitudinal waves with periods of 60 s is investigated by
performing time-dependent numerical simulations. The
waves introduced by an oscillating piston at the bottom of
the Ñux tubes are again followed to the point of shock

formation and beyond. To reduce the e†ect of large-scale
oscillations during the switch-on phase of the wave, the
initial wave energy Ñux is gradually increased over a time
span of 10 wave periods in all models presented. The atmo-
spheric height of the initially undisturbed tube models
extends originally up to 1500 km (corresponding to 16.2
pressure scale heights but may increase during theH

p
)

course of the wave computation due to the mechanical
heating and wave pressure. The energy dissipation by the
shocks is calculated self-consistently by solving the MHD
Rankine-Hugoniot relations that also consider the distensi-
bility of the tubes (Herbold et al. 1985). The wave energy
dissipated by these shocks is balanced against the radiative
losses, which are treated in the same way as described above
for the acoustically heated models. Again, when the full
balance between the locally dissipated magnetic wave
energy and the local radiative losses is established, new
values of atmospheric temperature and density are calcu-
lated. This gives the time-dependent model for the magneti-
cally heated component of stellar chromospheres. Note that
the computed model strongly depends on the adopted
shape of the Ñux tube.

2.3. Emission-L ine Simulation by Multiray
Radiative Transfer

In order to compute the chromospheric emission in a
given line from our theoretical models, several di†erent
e†ects need to be considered. It is known that the chromo-
spheric emission depends on the total number of tubes, the
voids between the tubes (““ canopies ÏÏ), the distribution of
the tubes, and radiative transfer e†ects. Intriguing examples
of radiative transfer for the Ca II K line along multiple rays
(1.5-dimensional) based on PRD passing through two-
dimensional magnetostatic models for the quiet solar
chromosphere have already been given by Solanki, Steiner,
& Uitenbroeck (1991), which could reproduce a variety of
observational features including the spatially averaged Ca II

K line proÐle. Earlier results for the Sun for regions of high
and low magnetic Ðlling factors were given by Rammacher
& Ulmschneider (1989) who also used a multiray 1.5-
dimensional radiative transfer method that was, however,
based on CRD. Their results show that the emission in
Mg II and Ca II is considerably enhanced in models with
higher magnetic Ðlling factors. The e†ect of di†erent shapes
of the Ñux tubes on the chromospheric emission has recent-
ly been investigated by Fawzy et al. (1998).

As mentioned before (see ° 2.1), we consider two di†erent
Ñux tube distributions : uniformly distributed tubes and
tubes arranged in strips to simulate a chromospheric
network. The basic element of both distributions is the so-
called tube row: a strip of expanding tubes with identical
geometries at all heights (see Fig. 3). For the tubes, we
assume that their thermodynamic structure is well deter-
mined by the theoretical models (see ° 3.1). For the simula-
tion of the Ca II emission lines, we assume that each tube is
Ðlled with a di†erent wave phase (selected from a total of
four) from our MHD wave models. Therefore, we e†ectively
ensure that the line Ñuxes and proÐles represent a mixture
of the di†erent wave phases existing in the K2 V star
chromosphere. The total number of tubes in a row usedNŒ
for the radiative line simulation depends on the angle
between the surface normal and the line of sight ; for large
angles, more tubes are intersected by the ray path. With H
being the height of the atmosphere and the bottom tuber0
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FIG. 3.ÈArray of Ñux tubes as used for calculating the radiative transfer. Given are the views from the side (left) and from the top (right). In our models we
consider rays of Ðve di†erent angles.

radius, we have

NŒ \ H tanaJf/(nr02)] 5 .

The external atmosphere is Ðlled with the properly chosen
phase of the acoustic wave calculation (see ° 2.2). For sim-
plicity we do not average over di†erent wave phases for
calculating the Ca II emission Ñux of the external atmo-
sphere. Therefore, we select a wave phase that closely
resembles the Ca II H ] K emission obtained by B98 for
pure acoustic heating. The acoustic heating model refers to
the situation with no magnetic Ñux tubes existing.

The tubes are assumed to spread with height, eventually
reaching the tube top opening radius where the tubesr=,
start to merge. Above this height, the remaining space
between the tubes is gradually Ðlled with magnetic Ðelds so
that the Ðlling factor approaches 100% at the top of the
atmospheric model, which is at z\ 1500 km. The stellar
surface elements are sampled equidistantly every 40 km for
a total of 600 spatial grid points. The radiative transfer is
then calculated along di†erent rays which, for a given angle
a, contribute to the integrated line proÐle (see Fig. 3).
Because of the complex tube geometry, the intensity proÐles
vary strongly for di†erent angles ; therefore, it is mandatory
to use more than one angle for the radiative transport. Here,
we use Ðve angles for our calculations (cos a \ k \ 0.9, 0.7,
0.5, 0.3, and 0.1), which represent Ðve annuli of identical
surface area. This ensures that all surface areas of our
chromospheric models equally contribute to the integrated
line Ñux. Note that the given values of k are closely related
to the zero points of the Legendre polynomials (see Ram-
macher, Ulmschneider, & Cuntz 1999 for details).

The radiative transfer for the Ca II K line is computed
with partial redistribution and by using a two-level atom.
To perform these calculations, we utilize the modiÐed oper-
ator splitting method as described by Ulmschneider (1994).
The redistribution is computed using the R II function of
Gouttebroze (1986) with the data of the respective atomic
model. We use 47 frequency points, distributed within ^10

of line center. Most of these points are concentratedA�
within ^0.3 of line center since the minima in theA� K1models are always located in this range. This interval is also
used to calculate the emitted Ñux.

3. RESULTS AND DISCUSSION

3.1. Magnetic and Acoustic Heating Models
In order to construct two-component, theoretical

chromosphere models, it is necessary to calculate time-
dependent models for both acoustic and magnetic chromo-
spheric components. In this work, we compute these models
separately, which implies that no mutual interaction
between the components is considered. For the computa-
tion of the emergent Ca II H ] K Ñux, however, both com-
ponents are combined, and the Ca II line Ñuxes and proÐles
are calculated using our multicomponent radiative transfer
method (see ° 2.3). Magnetic component models of this type
have already been described in detail by C98, along with
their deduced MHD properties. The values of the tubesr=(see Table 1) adopted in that paper had been selected in
accordance to the chromospheric network tube distribu-
tion, i.e., although it was erroneously stated theref

N
\ 4f0,

that the tubes were uniformly distributed on the stellar
surface. The physical properties of the tubes clearly depend
on the shape of the tubes and the initial wave properties,
but they are not directly dependent on the photospheric Ñux
tube distribution. Consequently, the Ñux tube calculations
by C98 are fully relevant to this paper.

Given the results of C98, we thus can focus solely on the
MHD properties of those models with Ñux tubes that are
uniformly distributed over the stellar surface (see Table 1
for values). Figures 4 and 5 give snapshots of tuber=models for stars with and 40 days, respectively.Prot \ 10
Figure 6 shows a snapshot of the acoustic heating model for
the nonmagnetic surface region. As for the second star isr=much larger, the magnetic Ðeld strength within the tubes
becomes much more reduced. The magnetic Ðeld strength at
the top of the tubes in the second star is only 21 G com-
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FIG. 4.ÈSnapshot showing a MHD Ñux tube model for K2 V stars with rotation periods of days. The distribution of Ñux tubes is assumed asProt \ 10
being uniform over the stellar surface. The Ðgure depicts the velocity (dashed line), the temperature (solid line), the magnetic Ðeld strength (dotted line), and the
shape of the tube (dashed-dotted line) as function of height. The elapsed time of the wave is t \ 1229 s.

pared to 233 G in the Ðrst star because of magnetic Ñux
conservation. At the bottom of the tubes we have B0\ 2100
G in both stars (see ° 2.1). The reduced spreading of the
tubes in the faster rotating star leads to a smaller dilution of
the magnetic wave energy Ñux, which reduces the atmo-
spheric temperatures particularly behind the shocks (see
below).

The density structure of the acoustic and magnetic
heating models for and 40 days is given in FigureProt \ 10
7, which shows that the time-averaged density is notably
lower in the magnetic heating models owing to the magnetic
contribution to the horizontal pressure balance. At the
bottom of the tube the gas pressure inside and outside the
tube and respectively) is in agreement(p

i
p
e
, p

i
:p

e
\ 1 :4

with our assumption (see ° 2.1). At larger atmospheric

heights, the decrease of density in the model with Prot \ 10
days is signiÐcantly moderated owing to atmospheric
heating and wave pressure. Figure 8 shows the wave energy
Ñux for the acoustically and magnetically heated models
calculated for stars with and 40 days. In all theseProt \ 10
models, the decrease of the wave energy Ñux with height is
inÑuenced by the wave energy dissipation as well as by the
radiative energy losses, which are particularly important at
chromospheric heights. In the two magnetically heated
models, the geometrical dilution of the wave energy Ñux at
heights beyond 300 km is also a major e†ect, especially in
the model with days.Prot \ 40

The snapshots shown in Figures 4 and 5 refer to time
instants after 20 wave periods. The model for daysProt \ 10
contains two shocks, which are at heights andxsh\ 848

FIG. 5.ÈSame as Fig. 4, but now for a star with a rotation period days. The elapsed time of the wave is t \ 1242 s.Prot \ 40
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FIG. 6.ÈSimilar to Fig. 4, but now for the acoustic wave model for the
outer tube region. The elapsed time of the wave is 1245 s.

1451 km and have shock strengths of and 2.09,Msh \ 2.68
respectively. The outer shock is located within a part of the
atmosphere where Ca II is completely ionized because of the
postshock temperature K. This temperatureT (2) Z 30,000
is consistent with the temperature range of solar-type tran-
sition regions. In the postshock region of the inner shock,
the relative number density q(Ca II)\ n(Ca II)/n(Ca) (where
n is the number density) is moderately large, indicating the
importance of the Ca II emission for the energy balance in
Ñux tubes. For the longitudinal tube waves considered here,
we Ðnd that the shock strength increases steadily with
height in the lower and middle part of the atmosphere
inside the tubes. Beyond a height of ^1200 km, however,

in the tube model with days decreases, whichMsh Prot\ 10
is merely a consequence of the geometrical dilution of the
wave energy Ñux owing to the increase of the tube spreading
with height. Other e†ects which lead to a change of Mshwith height include the energy dissipation by the shocks
and the radiative energy losses in the postshock regions.
The evolution of shock strengths as a function of height for

FIG. 7.ÈTime-averaged densities for the acoustic and magnetic com-
ponent as function of height. The Ðgure depicts the acoustic heating model
(dotted line) and the MHD tube models for days (solid line) andProt \ 10
40 days (dashed line) while assuming uniformly distributed Ñux tubes.
Time-averaging has been performed over a time span of 120 s, i.e., two
wave periods.

FIG. 8.ÈTime-averaged wave energy Ñuxes for the acoustic and mag-
netic component as function of height. The Ðgure depicts the acoustic
heating model (dotted line) and the MHD tube models for daysProt\10
(solid line) and 40 days (dashed line) while assuming uniformly distributed
Ñux tubes. Time-averaging has been performed over a time span of 360 s,
i.e., six wave periods.

the wave model days is depicted in Table 2, whichProt\10
gives the shock wave parameters q(Ca II)(2), and[Msh, xsh,T (2)] for four consecutive wave phases at 15 s time intervals.

Figure 5 presents a snapshot of a wave for a star with
days after the insertion of 20 wave periods. HereProt \ 40

we Ðnd the presence of strong expansion beyond 1200 km of
height as already seen in the model with days. TheProt \ 10
model days also shows a shock at heightProt \ 40 xsh\ 872

with a shock strength of Note that inkm Msh\ 1.95. xshthe models with and 40 days are very similar : inProt\ 10
the former model, we have km, whereas in thexsh ^ 370
latter model this height is shifted somewhat beyond 400 km
with the exact value depending on the elapsed time of the
wave. This result is similar to the case of network tubes
discussed by C98 who found that in the star with Prot\10
days, the shock formation occurs at 371 km (i.e., 4.4H

p
),

whereas in the star with days, km (i.e.,Prot \ 40 xsh\ 435
5.0 These results mirror the similarities of the tubeH

p
).

spreading functions at in the two types of models calcu-xsh
TABLE 2

PHASE DEPENDENCE OF AND SHOCK WAVE PARAMETERSFHK
log FHK xsh T (2)

Phase (cgs) Msh (km) (K) q(Ca II)(2)

1 . . . . . . 5.83 2.68 848 9510 0.28
2.09 1453 33,550 0.00

2 . . . . . . 5.91 1.70 464 7050 0.92
2.76 978 10,190 0.15

3 . . . . . . 6.15 2.09 580 7830 0.71
2.79 1119 11,210 0.06

4 . . . . . . 6.05 2.49 703 8730 0.49
2.71 1282 12,730 0.02

NOTE.ÈThe time di†erence between two consecutive phases is
15 s, and the elapsed time of phase 1 is 1.23 ] 103 s. The model
refers to uniformly distributed Ñux tubes for the star days.Prot\10
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lated. It should be noted, however, that at km, thexshZ 800
shock strengths are signiÐcantly di†erent in models with

and 40 days (see Figs. 4 and 5 and Table 2). ThisProt \ 10
result is due to the increased spreading of the tubes in stars
with slower rotation rates. Because of this property, the
wave energy Ñux is distributed over an increasingly greater
cross section area, which decreases the waves amplitudes,

T (2), and the energy dissipation rates of the waves (seeMsh,C98). The geometrical dilution of the wave energy Ñux is
also relevant for the emergent Ca II emission (see ° 3.2).

To calculate the emerging Ca II emission Ñux, we must
also take into account the areas between the tubes. There-
fore, we computed a time-dependent acoustic heating
model. Figure 6 depicts a snapshot found after 1245 s,
which is again after the insertion of 20 wave periods. The
shock strength in the acoustic wave model is Msh \ 2.62.
The shock strength is essentially independent of the atmo-
spheric height owing to the fact that we considered mono-
chromatic waves ; for analytic expressions of the limiting
shock strength, see Ulmschneider (1970) and B98. The mean
temperature in the acoustic heating model at 800 km (which
is in the upper part of the Ca II line formation region) is
4400 K, similar to the two MHD Ñux tube models with

and 40 days previously discussed. The acousticProt \ 10
heating model also shows that the energy dissipation rate
for the shocks is intermediate between the MHD wave
models of days and days. As discussed inProt \ 10 Prot\ 40
° 4, the acoustic wave model turns out to be pivotal for
properly representing the chromospheric emission in the
absence of Ñux tubes. We Ðnd that when the nonmagnetic
regions dominate, the chromospheric emission agrees with
the basal Ñux emission as found in inactive stars (e.g.,
Rutten et al. 1991 ; Schrijver 1995) and theoretically
described by B98.

3.2. Results from Ca II L ine Simulations
The most important goal of this paper is to simulate the

chromospheric emission for our two-component chromo-
sphere models. Contrary to C98, where the line emission
was estimated from the local cooling rates of the Ñux tubes,
we now simulate the chromospheric emission using detailed
radiative transfer in a two-component chromospheric struc-
ture with arrays of Ñux tubes. Figure 9 represents the Ca II

K line proÐles for di†erent angles for the model with Prot \10 and 40 days, respectively. Here we see that the line emis-
sion is strongest in the case when the Ñux tubes are viewed
at small k (i.e., large angles a). In this case, the rays intersect
a considerably large number of Ñux tubes, which means that
there is a high contribution of magnetically heated regions
to the total emission. As expected, this emission is strongest
for narrow tubes related to fast rotating stars largely owing
to the relatively small voids between the tubes. Figure 9
shows the results for the case of uniformly distributed tubes.
It is found that the Ca II K line emission is about a factor of
6 greater in the case of days than forProt \ 10 Prot\ 40
days.

Because of our two-level atom approach, we have calcu-
lated the line transfer for the Ca II K line only. However, for
comparison to observations we are interested in the total
Ca II H ] K line Ñux, referred to as In earlier papersFHK.
(e.g., B98), that value has been obtained by doubling the line
Ñux of Ca II K, which is a valid approximation for low-
activity stars. Actually, the Ca II H Ñux is reduced relative to
the Ca II K Ñux in more active stars (Vaughan, Preston, &

FIG. 9.ÈCa II K line proÐles for di†erent angles for the model with
days (upper Ðgure) and 40 days (lower Ðgure).Prot \ 10

Wilson 1978). To account for this, we compute a scaling
factor depending on the stellar activity which is cali-RK@Hbrated in terms of (see ° 4.1). This scaling factor can beProtutilized to calculate the total for our theoreticalFHKmodels. Based on this relationship we Ðnd that the Ca II K
Ñux must be multiplied by a factor of 1.87, 1.89, 1.92, and
1.95 for stars with 20, 30, and 40 days, respec-Prot \ 10,
tively. Table 3 depicts the dependence of on the ÑuxFHKtube distribution. We Ðnd that uniformly distributed Ñux
tubes produce the highest for most stars. The reason isFHKthat in those stars the voids (i.e., magnetic canopies)
between the tubes are of less importance. The di†erence in

TABLE 3

DEPENDENCE OF ON THE FLUXFHKTUBE DISTRIBUTION

Prot log FHK log FHKntw
(s) (cgs) (cgs)

10 . . . . . . . . . . . 6.01 5.83
20 . . . . . . . . . . . 5.94 5.78
30 . . . . . . . . . . . 5.81 5.74
40 . . . . . . . . . . . 5.51 5.58
(Basal) . . . . . . 5.49 5.49

refers to uniformly dis-NOTE.ÈFHKtributed tubes and to Ñux tubesFHKntw
arranges as a chromospheric network.
The values for ““ basal ÏÏ refer to a pure
acoustic heating model.
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between the di†erent Ñux tube distributions consideredFHKin this paper is most pronounced in fast rotating stars.
The fact that the Ca II H ] K emission is signiÐcantly

lower in the star with days is fully consistent withProt \ 40
the behavior of the wave energy Ñux as function of atmo-
spheric height (see Fig. 8). Since Ñux tubes spread more with
height on slower rotators, a smaller amount of energy is
available in the Ca II formation region. The calculated
models show remarkable behavior concerning the efficiency
of converting into Although the initial magneticF

M
FHK.

wave energy Ñux is greater by a factor of 27 than the initial
acoustic wave energy Ñux, the emission by the two-FHKcomponent chromosphere models is increased only by a
factor of 1.5È4.5 depending on the model. We identify two
reasons for this behavior : First, in magnetic Ñux tubes, the
wave energy Ñux is considerably reduced with atmospheric
height due to geometrical dilution. Second, in magnetic Ñux
tubes, the density inside the tubes is signiÐcantly lower than
outside the tubes, which further reduces the Ca II radiative
emission.

We also made a preliminary study of the e†ects of the
wave parameters on the Ca II H ] K line intensity. For this
study, we focused on the star with days and uni-Prot \ 10
formly distributed tubes. We varied the longitudinal Ñux
tube wave period between 30 and 90 s, compared withP

w,ms used in our standard model. We Ðnd thatP
w,m \ 60

although and thus the mechanical energy dissipationMshrates increased substantially with increasing theP
w,m,

resulting Ca II was found to be largely independent of the
wave period adopted. The variation obtained was less than
20%. The reason for this behavior is due to the balancing
inÑuence of Ca IIÈCa III ionization. Although increased
energy dissipation often results in increased radiative emis-
sion, it also depletes the Ca II number densities in the line
formation region, because high energy dissipation rates
favor a high number density of Ca III behind the shocks
owing to increased postshock temperature. In another
study, we also varied the mechanical wave energy Ñux. We
found some dependence of the emergent Ca II H ] K line
intensity on We plan to evaluate this in a separateF

M
.

paper, which will also include a more detailed analysis of
the e†ects and behavior of mode coupling (see ° 2.2).

4. COMPARISON WITH OBSERVATIONS

4.1. T he Ca II EmissionÈStellar Rotation Relationship
In ° 3, we found that owing to the physical properties of

the magnetic Ñux tubes, the heating and chromospheric
emission is signiÐcantly increased in the magnetic com-
ponent and is strongest in Ñux tubes with the small spread-
ing factors, expected on rapid rotators. We calculated the
theoretical Ca II H ] K emission Ñux for the cases of uni-
formly distributed tubes and for the tubes arranged as a
chromospheric network. We now want to compare those
Ñuxes with observations. In order to give a comparison with
a signiÐcant number of stars, we have chosen a set of stars
ranging from spectral type K0 V to K3 V with B[V
between 0.78 and 0.98. The stars have been taken from the
data set by Baliunas et al. (1995). Note that only stars with
known rotational periods and reliable Ca II measure-Protments are taken into consideration. Where a range of rota-
tion period detections is available (see Donahue, Saar, &
Baliunas 1996), we used the average Note that v sin iProt.measurements cannot substitute for which signiÐcantlyProt,limits the number of stars that can be considered. As we
want to concentrate on single stars, we also disregard
binary stars with signiÐcant binary interaction, including
tidally synchronized binaries. In addition, we did not con-
sider stars with stellar rotation periods smaller than 5 days,
which allows us to focus on the linear part (i.e.,
nonsaturated) of the Ca II emissionÈstellar rotation
relationship. This enables us to provide a detailed statistical
analysis both of our observational data and the results from
our theoretical models.

The data for the selected stars are given in Table 4. There
are two di†erent methods for calibrating the Ca II H]K
Ñuxes introduced by Noyes et al. (1984) and Rutten (1986)
(see Appendix C). To make a comparison between our theo-
retical results and the observations (see Fig. 10), we used the
calibration by Noyes et al. (i.e., Here we see that ourFHK@ ).

TABLE 4

STELLAR DATA

Prot log FHK log FHK@ log FHK@ (min)
HD Sp. Type B[V (days) SST SSTmin (cgs) (cgs) (cgs) RK@H

17925 . . . . . . . . K2 0.87 6.8 0.653 . . . 6.43 6.26 . . . . . .
22049 . . . . . . . . K2 V 0.88 11.7 0.496 . . . 6.26 6.11 . . . . . .

115404 . . . . . . . . K2 V 0.93 18.5 0.535 . . . 6.17 6.01 . . . 1.137
165341A . . . . . . K0 V 0.78 19.7 0.392 . . . 6.17 6.03 . . . 1.115
155886 . . . . . . . . K0 V 0.86 20.7 0.375 . . . 6.14 6.01 . . . 1.123
155885 . . . . . . . . K1 V 0.86 21.1 0.384 . . . 6.16 6.02 . . . 1.105
149661 . . . . . . . . K2 V 0.82 21.1 0.339 . . . 6.16 6.04 . . . 1.097
10476 . . . . . . . . K1 V 0.84 35.2 0.196 0.170 5.69 5.69 5.59 1.035

160346 . . . . . . . . dK3 0.96 36.4 0.300 0.215 5.77 5.69 5.52 1.068
4628 . . . . . . . . K2 V 0.88 38.5 0.230 0.195 5.76 5.71 5.62 1.087

166620 . . . . . . . . K2 V 0.87 42.4 0.190 0.165 5.60 5.62 5.53 1.013
219834B . . . . . . K2 V 0.88 43.0 0.204 0.180 5.59 5.59 5.52 . . .

3651 . . . . . . . . K0 V 0.85 44.0 0.176 0.155 5.54 5.60 5.51 1.031
16160 . . . . . . . . K3 V 0.98 48.0 0.226 0.195 5.50 5.51 5.44 . . .

NOTE.ÈSST is the Ca II H ] K Ñux index, and is the value corresponding to the minimum activity phases of the starsSSTmin(both from Baliunas et al. 1995). is the average value of the rotation period from Donahue et al. 1996 or Baliunas et al. 1996,Prototherwise from Rutten 1986. and are based on the Rutten et al. 1991 and Noyes et al. 1984 calibrations, respectively ;FHK FHK@
is computed from is derived from and in Vaughan et al. 1978. The stellar spectral typesFHK@ (min) SSTmin . RK@H\FK@ /FH@ SH SKand B[V are from Hoffleit & Jascheck 1982.
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FIG. 10.ÈL eft : Ca II H ] K emission Ñux (log units ; cgs) as function of stellar rotation. The triangles give the observational results for a set of stars with
spectral type between K0 V and K3 V (see Table 4). The squares indicate the results from two-component theoretical chromosphere models (magnetic and
acoustic heating ; see text) for K2 V stars of di†erent rotation periods. Large squares refer to models with uniformly distributed Ñux tubes, small squares to
models with Ñux tubes arranged as chromospheric network regions. The dotted lines indicate the 3 p Ñux limits permissible by the observations. Here only
the K2 V stars have been considered. The dashed line indicates the theoretical Ca II H]K basal Ñux limit given by pure acoustic heating (see B98). Right :
Ca II H ] K emission Ñux (log units ; cgs) as function of stellar rotation for a selected number of stars for which a minimum activity level has been identiÐed
based on long-term monitoring. Here the Ca II H]K Ñux has been recalculated using Smin.

theoretical results for the models with uniformly distributed
Ñux tubes nicely agree with the observations considering a 3
p standard deviation for the best Ðt. As underlying function
for the best Ðt, we assume a linear relationship given by

log FHK \ AHK ] BHK Prot
with and being constants. For calculating the 3 pAHK BHKstandard deviation strip, we consider a mean 1 p statistical
error for of ^0.035 in the logarithm and a mean 1 pFHKstatistical error for the of ^1 day (see Soon, Baliunas,Prot& Zhang 1994 ; Baliunas et al. 1996). As systematic error of
the calibration of we assume a value of ^0.02 in theFHK,
logarithm. Our statistical method is described by, e.g.,
Montgomery & Peck (1992).

We note that the agreement between the theoretical
results and the observations is highly satisfactory. For stars
with days, no signiÐcant di†erence between the twoPZ 25
di†erent types of photospheric Ñux tubes distributions
could be identiÐed. For stars with days, the bestP[ 25
agreement is obtained if it is assumed that the Ñux tubes are
uniformly distributed over the stellar surface. On the other
hand, it could still be possible that those stars have higher
magnetic energy dissipation owing to enhanced mode coup-
ling between the transverse waves and the longitudinal Ñux
tube waves not considered in our models ; this would o†set
the reduction of the emergent Ca II H ] K Ñux due to the
nonmagnetic surface regions. In addition, many magneti-
cally active stars may also be subjected to Ñare heating.
Table 5 gives the summary of the statistical Ðtting param-
eters for the di†erent cases considered in this paper. There
are no signiÐcant changes in and if we considerAHK BHKonly K2 V stars (see Table 4 and Fig. 10).

Table 4 also gives information about the observed K/H
Ñux ratios of our target stars. Statistically,RK@H\ FK@ /FH@this ratio is larger for more active stars (i.e., high andFHK@

low than for inactive stars, for which it approachesProt)unity (e.g., for HD 166620 with days, is onlyProt \ 42.4 FH@2% less than Therefore, we can calculate aFK@ ). RK@H-Protrelationship given by

RK@H\ C1] C2Prot
with and The values of andC1\ 1.19 C2\ [0.0036. C1are largely independent of the fact whether we considerC2all stars in Table 4 or only the K2 V stars. This relationship
can be utilized to scale the calculate Ca II K emission Ñux
toward the total Ca II H ] K emission in our theoretical
models (see ° 3.2).

4.2. T he Ca II Basal Flux Emission
All stars studied in this paper show to some degree vari-

able S values (see Baliunas et al. 1995). Thus derivedFHK@
from their long-term average SST values include contribu-
tions from a variable magnetic dynamo, which likely gener-
ates changes in the photospheric values (e.g., Saar &f0B0Baliunas 1992). The only situation in which a purely acous-
tically heated chromosphere might dominate would be at
the magnetic cycle minima of the least active of these stars.

TABLE 5

STATISTICAL FITTING PARAMETERS FOR THE RELATIONFHK-Prot
Parameter AHK BHK(]10~2)

Uniform Model . . . . . . . . . . . . . . . . 6.23^ 0.10 [1.64^ 0.35
Network Model . . . . . . . . . . . . . . . 5.93^ 0.05 [0.79^ 0.20
Observations : K2 V . . . . . . . . . . 6.36^ 0.03 [1.73^ 0.10
Observations : K0ÈK3 V . . . . . . 6.37^ 0.02 [1.79^ 0.06

NOTE.ÈThe uncertainties of the deduced Ðtting parameters are
1 p error bars and do not consider the intrinsic uncertainties of Protand FHK.



1064 CUNTZ ET AL. Vol. 522

Therefore, we have estimated the minimum seasonal
average from the plots in Baliunas et al. (1995) forSSTminthe seven lowest Ca II activity stars of our sample (Table 4)
and converted them to Figure 10 gives the com-FHK@ (min).
parison of these Ñuxes to the theoretical Ca II H ] K basal
Ñux limit for pure acoustic heating as obtained by B98. The
observational results show good agreement with the theo-
retical models, which strongly supports the conjecture that
inactive chromospheres of late-type stars are predominantly
heated by acoustic waves.

We caution that even in these cases, there is still likely
magnetic activity remaining from both residual dynamo
activity at cycle minimum and from a background, nonvari-
able turbulent dynamo (e.g., Saar 1998 ; Schrijver et al.
1998). This magnetic dynamo activity is expected also to
provide magnetic heating, which may or may not be rele-
vant for the formation of the Ca II H and K lines. Although
our present study does not provide evidence of such rele-
vance, further studies are needed. is a goodFHK@ (min)
empirical estimate of only if magnetic activity at cycleFacminimum does not seriously a†ect Ca II H and K line for-
mation. The presence of magnetic heating itself in low-
activity stars is implied by the presence of coronae (e.g.,
Schmitt 1997), which can barely be heated acoustically

& Ulmschneider 1989). If magnetic contributions(St”pien�
to exist (e.g., Durney, de Young, & RoxburghFHK@ (min)
1993 ; Saar 1998), the model acoustic Ñuxes should show

even for very inactive stars.Fac\ FHK@ (min)
Another topic open for debate is the location of the theo-

retical basal Ñux limit itself given by acoustic energy dissi-
pation. B98 presented acoustically heated chromosphere
models for stars between F0 V and M0 V and found agree-
ment within a factor of 2 between the theoretical results and
the observations over nearly 2 orders of magnitude in emis-
sion Ñux. The result by B98 in the case of K2 V stars is
shown for comparison in Figure 10. The theoretical basal
Ñux limits given by acoustic wave computations should be a
topic of future research as many important e†ects were
omitted in the models, including (1) using acoustic fre-
quency spectra instead of monochromatic waves (Fleck &
Schmitz 1993 ; Sutmann & Ulmschneider 1995 ; Theurer
1998), (2) inclusion of thermal bifurcation due to CO mol-
ecules (Cuntz & Muchmore 1994), and (3) time-dependent
(i.e., noninstantaneous) ionization of hydrogen (Carlsson &
Stein 1992 ; Cuntz & 1999). These e†ects areHo� Ñich
expected to a†ect the theoretical Ca II H ] K basal Ñux
limits suggesting the necessity of future investigations.

5. CONCLUSIONS AND OUTLOOK

We computed time-dependent two-component (acoustic
and MHD) chromospheric models for K2 V stars with dif-
ferent levels of magnetic activity. The heating of the non-
magnetic component is determined by the acoustic energy
dissipation, whereas the heating of the magnetic component
is determined by the energy dissipation of longitudinal Ñux
tube waves (already used successfully in solar chromosphere
models ; see Herbold et al. 1985 ; Rammacher & Ulmschnei-
der 1989 ; and Fawzy et al. 1998 for details). We considered
two di†erent Ñux tube geometries : uniformly distributed
Ñux tubes and Ñux tubes arranged as a chromospheric
network. The stellar photospheric Ðlling factors, weref0,chosen according to recent observations (see C98 for
details), which allowed us to deduce a semiempirical
relationship between the stellar rotation period andProt

where is the average photospheric magnetic ÐeldB0 f0, B0strength. In this case, and the photospheric Ñux tubef0distribution constrained the shape of the tubes including
their top opening radii.

We calculated models of K2 V stars with rotation rates
between 10 and 40 days. Regarding the acoustic and mag-
netic energy Ñuxes, we used the results recently obtained by
Ulmschneider et al. (1996) and Ulmschneider & Musielak
(1998), respectively. We also considered contributions from
mode coupling between transverse and longitudinal tube
waves. The MHD Ñux tube calculations have been per-
formed for thin magnetic Ñux tubes. We considered mono-
chromatic waves for both acoustically and magnetically
heated components. The calculated two-component
chromosphere models have been used to compute the Ca
II K emission Ñux based on multiray (1.5-dimensional) radi-
ative transfer with partial redistribution (PRD), which was
then converted into the Ca II H ] K emission Ñux.

We found the following results :

1. Owing to the presence of magnetic Ñux tubes, the
heating and chromospheric Ñux emission was found to be
signiÐcantly larger in the magnetic component than in the
nonmagnetic one. Magnetic heating was found to be
strongest in Ñux tubes with the least spreading with height,
expected to occur on rapidly rotating stars with high f0.2. The Ca II emission Ñux was calculated for starsFHKwith stellar rotation rates ranging from 10 to 40 days. We
found that regardless of the Ñux tube distribution con-
sidered, the Ñux was the highest in the star withFHK Prot \10 days and the lowest in the star with days.Prot \ 40

3. The theoretical relationship deduced for ourFHK-ProtK2 V star models was found to be consistent within 3 p
error bars with the empirical relationship. ForFHK@ -Protstars with days, no signiÐcant di†erences betweenProt Z 25
the two Ñux tube distributions (i.e., uniformly distributed
tubes and tubes arranged as a chromospheric network)
were found. For stars with days, however, theProt [ 25
uniform model agreed better with observations, although
this result needs to be checked with further modeling.

4. For stars with very low Ðlling factors, i.e., stars with
very slow rotation, we were able to reproduce the ““ basal
Ñux limits ÏÏ of chromospheric emission, which were pre-
viously attributed to pure acoustic heating (see B98 for
details). Here we already have considered the new acoustic
energy Ñuxes by Ulmschneider et al. (1996). This allows us
to consider our two-component chromosphere models as a
well-deÐned extension to one-component chromosphere
models based on pure acoustic heating.

5. With the use of time-dependent two-component
chromospheric (magneto-)acoustic heating models, it
appears now possible to directly link the relation-B0 f0-Protship to the relationship, which are both deducedFHK-Protfrom observations and are typical for a given type of stars.

6. Longitudinal tube waves produce Ca II H ] K emis-
sion Ñuxes in agreement with observations, suggesting that
wave heating is a sufficient chromospheric heating mecha-
nism in magnetically active K stars with days.Protº 10
Nonetheless, the relevance of such other mechanisms as,
e.g., Ñare heating still needs to be checked.

7. Our models show remarkable behavior in the effi-
ciency of converting the initial wave energy Ñux into Ca II

radiation. Although the initial magnetic wave energy Ñux is
almost 30 times greater than the initial acoustic wave
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energy Ñux, the emission by the two-componentFHKchromosphere models is increased only by a factor of 1.5È
4.5 relative to the nonmagnetic component. The reason is
twofold : the magnetic wave energy Ñux is considerably
reduced with height owing to the increase of the tube cross
section, and the density inside the Ñux tubes is considerably
lower than outside of the tubes, which leads to reduced Ca II

radiative emission.
8. For the star with the highest we varied in thef0, P

w,mrange between 30 and 90 s. We found that the di†erences in
the Ca II emergent Ñuxes were marginal at best owing to the
inÑuence of Ca IIÈIII ionization, which counteracts increased
heating. This suggests that the theoretical relation-FHK-Protship may remain essentially unchanged when the mono-
chromatic longitudinal tube waves are substituted by
frequency spectra.

We consider these results as an important step toward a
consistent theoretical explanation of chromospheric emis-
sion in stars of di†erent types and levels of magnetic activ-
ity. Some technical improvements in our wave models,
however, still need to be made, including using (magneto-)
acoustic frequency spectra instead of monochromatic
waves, the self-consistent treatment of mode coupling
between longitudinal and transverse tube waves, and the
simulation of line emission based on multilevel atoms. Also
test computations with three-dimensional radiative transfer
instead of multiray 1.5-dimensional radiative transfer
should be performed to gauge the importance of radiative
transfer e†ects. Additionally, we plan to target the following
future projects : First, we want to expand our two-
component chromospheric heating models to other types of
stars, including main-sequence stars of di†erent spectral
types, subgiants, giants, and supergiants. In the past, a large
number of observational data have been collected, which
deserve to be evaluated by theoretical models. We thus
should be able to gain insight into heating of multi-
component atmospheres, the evolution of magnetic activity
in the H-R diagram, the role of magnetic braking in
chromosphere heating, and the appearance of HRD divid-
ing lines. It would also be important to consider emission
lines other than Ca II, including transition layer lines.

Although the best agreement between observations and
theoretical models has been obtained for uniformly distrib-
uted Ñux tubes, particularly in case of fast rotating stars, this
does not necessarily imply that Ñux tubes on K2 V stars are
indeed uniformly distributed. We know for the Sun that
homogeneous coverage does not occur : at cycle minimum,
the concentrations are clearly arranged in a network, while

at maximum a combination of magnetic plages and
enhanced network is seen. The agreement of the emissions
of the Sun as a star throughout its cycle with relationships
between radiative Ñux densities from di†erent stars appears
to be in fact relying on the nonhomogeneous mixture of
very active and inactive regions, including everything in
between (Schrijver & Harvey 1989). We realize that tempo-
ral variations of the magnetic surface structure are also
expected to occur in other types of stars including K dwarfs.
This should motivate future research of radiative emission
due to di†erent mixtures of magnetic and nonmagnetic
surface structure. The fact that uniform coverage of mag-
netic regions provides the best agreement between theoreti-
cal models and observations for fast rotating stars may
indicate that a homogeneous coverage of plages in fast
rotating K dwarf stars may dominate the chromospheric
emission.

A further reason that radiative emission of nonuniform
magnetic Ñux tubes distributions should be studied in more
detail is the following : We know that numerous stars show
rotational modulation of chromospheric emission attribut-
able to distinct surface structures of increased heating,
notably magnetic spots. It would be interesting to utilize
theoretical models of dense spotlike Ñux tube distributions
to assess chromospheric emission modulation observed in
speciÐc stars. An interesting example in that respect is the
BY Dra star HD 82558, which is a single, rapidly rotating
spotted K2 dwarf with a high magnetic activity level (Fekel
et al. 1986). Saar, Piskunov, & Tuominen (1992) were able
to derive both a temperature and magnetic Ðeld surface
map and identiÐed strong Ðelds kG) near cool spots(B[ 2
(where K) and weaker Ðelds with kG*Teff [ 300 B^ 1
elsewhere.
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APPENDIX A

THE TOP OPENING RADIUS OF FLUX TUBES

The top radii of Ñux tubes depend on the geometrical distribution of the Ñux tubes. Here we consider two cases : Ñux tubes
that are uniformly distributed on the stellar surface and Ñux tubes arranged as a chromospheric network that is embedded in
a nonmagnetic region. In the Ðrst case, the chromospheric magnetic Ðlling factor beyond a certain height is identical to one
because the Ñux tubes merge. In the second case, however, a decisive nonmagnetic component exists at all heights. To comply
with this di†erence, di†erent formulae for the Ñux tube top radii must be used.

Let us Ðrst we discuss the case of uniformly distributed tubes. With being the magnetic photospheric area and theFph,m F
Ttotal surface area, we have

Fph,m\ f0F
T

\ nr02 ,
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where denotes the photospheric tube radius and the magnetic Ðlling factor at the photospheric level Withr0 f0 q5000\ 1. Fch,mbeing the magnetic chromospheric area and the tube top radius, we Ðnd because the magnetic chromospherer= Fch,m\ 4r=2formally consists of squares with inscribed circular Ñux tubes. Assuming that above a given height, the chromosphere is
completely Ðlled with Ñux tubes, i.e., we ÐndF

T
\ Fch,m,

r=\ 0.5r0Jn/f0 .

With respect to network tubes, we consider two modiÐcations. First we assume consistent with C98. We alsoFch,m\nr=2assume that the chromosphere is not entirely Ðlled with Ñux tubes, i.e., that a nonmagnetic component remains even at large
chromospheric heights. The chromospheric magnetic Ðlling factor after the merging of the tubes is assumed to be 25%, which
yields Hence we ÐndFch,m\ 0.25F

T
.

r= \ r0J1/4f0\ r0 J1/f
N

in agreement with C98. Here denotes the magnetic Ðlling factor for the chromospheric network. Note that is identical tof
N

f
N(see ° 2.1), if the area between the tubes, i.e., the di†erence between quadratic and circular tube expansion at the height off

Stube merging is disregarded. The top opening radii for the di†erent types of tubes is given in Table 1.r=

APPENDIX B

MHD EQUATIONS FOR LONGITUDINAL FLUX TUBE WAVES

To calculate longitudinal MHD Ñux tube models with di†erent spatial Ðlling factors, we consider vertically directed
magnetic Ñux tubes embedded in a nonmagnetic atmosphere. Following Herbold et al. (1985), the MHD equations in the thin
Ñux tube approximation can be written

L
Lt
Ao
B
B

] L
Lz
Aou

B
B

\ 0 , (B1)

Lu
Lt

] u
Lu
Lz

] 1
o

Lp
Lz

] g \ 0 , (B2)

p ]B2
8n

\ p
e
(z) , (B3)

LS
Lt

] u
LS
Lz

\ dS
dt
K
Rad

. (B4)

Here o is the density, p is the gas pressure, S is the entropy, u is the gas velocity, and B is the magnetic Ðeld strength in the tube.
They are functions of height z and time t. is the gas pressure outside the tube and is a function of z only. g is the stellarp

esurface gravity, which is constant. The radiative damping function is computed following Ulmschneider et al. (1987)dS/dt oRadwith modiÐcations described by Buchholz et al. (1994).
The speed and tube speed are given by and respectively, where denotesAlfve� n cA c

T
cA \ B/(4no)1@2 c

T
~2\ c

S
~2] cA~2, c

Sthe adiabatic sound speed. The relationship between the thermodynamic variables is given by the ideal gas law p/o \ RT /k
and where c is the ratio of speciÐc heats, k is the molecular weight, and R is the gas constant.c

S
2\ cRT /k,

Considering the Ðrst and second laws of thermodynamics for an ideal gas, these equations can be written as a system of
three partial di†erential equations for the three unknowns S, and u. To employ the method of characteristics, we transformc

S
,

this system of three partial di†erential equations into a system of six ordinary di†erential equations deÐned along the three
characteristics C`, C~, and C0. We obtain the compatibility relations

du ^ 2
c[ 1

c
S

c
T

dc
S
<

kc
S

cR
c
S

c
T

dS <
kc

T
(c[ 1)
cR

dS
dt
K
Rad

dt <
uc

T
oc

A
2

dp
e

dz
dt ] gdt \ 0 (B5)

along the C` and C~ characteristics given by

dz
dt

\ u ^ c
T

, (B6)

where the upper (lower) sign corresponds to the C` (C~) characteristic. Equations (B5) and (B6) are four ordinary di†erential
equations. The two remaining ordinary di†erential equations are obtained from equation (B4) written in characteristic form

dS \ dS
dt
K
Rad

dt (B7)

along the (Ñuid path) C0 characteristic

dz
dt

\ u . (B8)
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To calculate the energy dissipation at the shocks, the MHD Rankine-Hugoniot relations for longitudinal tube waves are
solved, which also allow for the di†erent degrees of distensibility in the preshock and postshock regions. The method of
solution involves a cubic equation that is solved by a Newton-Raphson iteration scheme (e.g., Fawzy et al. 1998).

APPENDIX C

CALIBRATION OF Ca II SURFACE FLUX OBSERVATIONS

There are two widely used methods of converting Mount Wilson SST measurements (the sum of Ñuxes in a 1.09 wideA�
triangular Ðlter centered at the cores of the Ca II H and K lines, ratioed to the sum at two continuum points) into surface
Ñuxes. The two use slightly di†erent calibrations of the continuum Ñux, di†erent scales, have di†erent scaling constants,Teffand subtract di†erent color- (i.e., dependent ““ background ÏÏ terms. These background Ñuxes account for residual Ñux inTeff)the core of the Ca II lines thought not to be of chromospheric originÈtermed ““ photospheric ÏÏ by Noyes et al. (1984) or
““ basal ÏÏ by Rutten (1984).

Noyes et al. (1984) compute

RHK@ \ F
H
@ K/(pT eff4 ) \ RHK [ RHK(phot) ,

where

RHK \ 1.340] 10~4Ccf(N)SST ,

and the continuum calibration term (Middelkoop 1982) is

log Ccf(N)\ 1.13(B[V )3[ 3.91(B[V )2] 2.84(B[V ) [ 0.47] d(B[V ) ,

with a correction term

d(B[V ) \ 0.135x [ 0.814x2] 6.03x3 ,

where x \ 0.63[ (B[V ). The background term is given by

log RHK(phot) \ [4.898] 1.918(B[V )2 [ 2.893(B[V )3 .

Noyes et al. (1984) use a Ðt to the Johnson (1966) scale : The surface Ñux is then given byTeff log Teff \ 3.908[ 0.234(B[V ).

FHK@ \ RHK@ (pT eff4 ) .

The Rutten (1984) calibration computes :

*FHK \ FHK [ FHK(basal) ,

where

FHK \ 10~14KCcf(RS)T eff4 SST ,

and the continuum calibration term is an improved version of MiddelkoopÏs (1982) given by

log C
cf

(RS)\ 0.25(B[V )3[ 1.33(B[V )2] 0.43(B[V ) ] 0.24

and K \ 1.29] 106 (Rutten 1987). The empirical ““ basal ÏÏ Ñux, is derived from the minimum SST observed as aFHK(basal),
function of B[V ; we interpolated from the table in Rutten (1987). For consistency, we used the same scale asFHK(basal) TeffNoyes et al. (1984)ÈRutten used a slightly di†erent scale (from 1981). The di†erences in are less thanBo� hm-Vitense log Ccf^0.02 dex for 0.55¹ B[V ¹ 1.40 ; however, throughout this interval, with di†erences minimizedFHK(basal) [ FHK(phot)
near and increasing for larger and smaller values (e.g., Rutten 1986).(B[V )

_Unfortunately, the two calibrations do not agree well, particularly for active stars where di†erences should be minimized
(disagreements about the background correction are small relative to the total Ñux in active stars). Part of the problem is
discussed by Hall & Lockwood (1995), who argue that K \ 7.97] 105 is a more accurate scaling constant (and closer to
MiddelkoopÏs original value of 7.6] 105). Because of the residual questions about the Rutten calibration, however, we have
preferred to compare our models to Ñuxes computed using the Noyes et al. (1984) method. We leave open the possibility that
it may be advantageous to employ an altered version of the Rutten calibration, with its conceptually useful atFHK(basal),
some future point.
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