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Abstract. We describe a method to construct theoretical, time-dependent, two-component and wave heated chro-
mosphere models for late-type dwarfs. The models depend only on four basic stellar parameters: effective tempera-
ture, gravity, metallicity and filling factor, which determines the coverage of these stars by surface magnetic fields.
They consist of non-magnetic regions heated by acoustic waves and vertically oriented magnetic flux tubes heated
by longitudinal tube waves with contributions from transverse tube waves. Acoustic, longitudinal and transverse
wave energy spectra and fluxes generated in stellar convection zones are computed and used as input parameters
for the theoretical models. The waves are allowed to propagate and heat both components by shock dissipation.
We compute the time-dependent energy balance between the dissipated wave energy and the most prominent
chromospheric radiative losses as function of height in the stellar atmosphere. For the flux tube covered stars,
the emerging radiative fluxes in the Ca II and Mg II lines are computed by using a newly developed multi-ray
radiative transfer method.
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1. Introduction

The observations of the Ca II H and K as well as Mg II
h and k lines show the presence of core emission in all
observed late-type stars. This emission is attributed to an
outward temperature rise in the chromospheres of these
stars which is ultimately generated by mechanical heat-
ing. The observed chromospheric emission depends on the
effective temperature and gravity of a star (Wilson 1968;
Linsky 1980; Noyes et al. 1984; Schrijver 1987; Stȩpień
1994; Strassmeier et al. 1994). The fact that stars of the
same effective temperature and gravity have different lev-
els of chomospheric emission is attributed to a different
coverage of the stars by magnetic fields which in turn
is intimately connected with a different stellar rotation
period.

Since the stars are uniquely described by four basic
parameters, which usually are identified as the effective
temperature Teff , gravity g, metallicity ZM, and rotation
period Prot, the theoretical challenge is to understand the
outer structure of stellar atmospheres and the resulting
chromospheric radiative emissions as functions of these
four fundamental parameters. In principle, there must be
such physical connections, however, their full theoretical
explanation cannot currently be achieved because of lack
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of a first-principle theory of stellar dynamos (e.g., Weiss
1994). As a result, the distribution of magnetic fields on a
stellar surface based on the observed stellar rotation rate
cannot be theoretically predicted.

Another important but still unsolved problem is to
identify the physical processes which are responsible for
the heating of stellar atmospheres and explain the chro-
mospheric structure and emission in terms of the stellar
surface parameters and the magnetic field coverage. The
main aim of this paper is to describe theoretical methods
that can be used to address the latter problem and make
direct comparisons with observations.

Our approach is to replace the stellar rotation period
Prot by a parameter called “filling factor”, f , which de-
termines the coverage of stars by surface magnetic fields
and use this parameter together with Teff , g and ZM to
construct theoretical chromospheric models which will al-
low us to simulate the observed chromospheric structure
and emission fluxes of late-type stars. It is clear that in
order to construct such models, the appropriate heating
mechanisms operating in stellar chromospheres must be
specified.

According to Narain & Ulmschneider (1996), the vari-
ous proposed heating mechanisms can be divided into two
main categories: hydrodynamic (acoustic and pulsational
waves) and magnetic mechanisms (MHD waves and mag-
netic field dissipation). Currently, the mechanisms which
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heat the different layers of stellar atmospheres are still
poorly known. However, it has been found by Buchholz
et al. (1998) that acoustic wave heating appears to be the
basic mechanism for non-magnetic chromospheres. This
makes it very likely that a similar mechanism, namely, lon-
gitudinal magnetic tube wave heating might work for mag-
netic regions of stellar chromospheres. It is the purpose of
the present series of papers to show that this identifica-
tion appears to be true. We thus assume that the acoustic
and magnetic wave heating mechanisms dominate in stel-
lar chromospheres and that the wave energy needed for this
heating is generated in the stellar convection zones.

In the present work we outline our methods to simu-
late chromospheric emission fluxes in the Ca II H+K and
Mg II h+k lines by constructing new theoretical, time-
dependent and two-component chromosphere models of
late-type dwarfs. In a subsequent paper we will use these
methods to compare our theoretical emission fluxes with
observations and probe the dependence of the emission
fluxes on effective temperature as well as the range of stel-
lar activity associated with different magnetic field cover-
age. This will allow us to determine the role played by
acoustic and magnetic wave energy in heating of different
regions of stellar atmospheres.

Our paper is organized as follows: Sect. 2 describes
the magnetic flux tube forest models used in our compu-
tations and the generated wave energy spectra and fluxes
in the magnetic and non-magnetic regions of these models.
How to construct the initial atmosphere and subsequent
chromosphere models is outlined in Sect. 3. In Sect. 4, the
method to compute the radiation flux emerging from our
two-component models is discussed. Section 5 shows simu-
lated theoretical line profiles and provides emission fluxes,
while Sect. 6 gives or conclusions.

2. Magnetic flux tube forest model and wave
energy generation

2.1. Overview of our methods

Since our aim is to compare the observed chromospheric
emission fluxes as well as the range of the chromo-
spheric activity with purely theoretical simulations based
on acoustic and magnetic wave heating, we now describe
in detail the theoretical methods employed by us. At first
it has to be stressed that we attempt to obtain theoretical
chromospheric emission fluxes with fully ab initio calcula-
tions, which are performed by using only the four basic pa-
rameters that uniquely characterize main-sequence stars:
effective temperature Teff , gravity g, metallicity ZM, for
which we take solar population I values throughout this
work, and rotation period Prot.

A stellar dynamo theory, which would allow us to pre-
dict the magnetic field coverage of the stellar surface for a
given choice of the four basic stellar parameters, is not yet
available, therefore, we replace the specification of Prot by
the assumption of a magnetic area filling factor f that is
defined as the ratio of the stellar area covered by magnetic

fields to the total area. As the magnetic field spreads with
height in the star, the filling factor depends on height. We
therefore take the filling factor f at the stellar surface as
our fourth basic stellar parameter. Note that the stellar
surface is defined by the level where the optical depth at
5000 Å is unity in non-magnetic regions.

Our theoretical approach proceeds as follows. Based
on the above four stellar parameters, we compute convec-
tion zone models and use them to calculate the generated
acoustic and magnetic (longitudinal and transverse) wave
energy spectra and fluxes. Assuming a uniform distribu-
tion of thin magnetic flux tubes over the stellar surface,
we construct magnetic flux tube models based on the as-
sumed filling factor. These tubes spread with height until
they completely fill out the stellar atmosphere above a cer-
tain height and produce a flux tube forest. With the given
wave energy fluxes and spectra, the propagation of the
acoustic and magnetic waves is then computed in both
the non-magnetic and magnetic regions of stellar atmo-
spheres. The wave dissipation resulting from shocks leads
to efficient atmospheric heating, which is locally balanced
by chromospheric radiative losses (see Sect. 4.1). Based
on the time-dependent energy balance, models of stellar
chromospheres are calculated and then used to compute
the emerging emission fluxes in the Ca II and Mg II lines.

2.2. Stellar convection zone models

To model the subsurface regions of late-type stars we
use a convection zone code described by Bohn (1984)
and later modified by Theurer (1993) and Ulmschneider
et al. (1996). It is assumed that occasionally this convec-
tion zone is permeated by thin vertically oriented mag-
netic flux tubes which do not perturb the non-magnetic
medium that surrounds them. The code is based on the
mixing-length description of convection, takes into ac-
count the formation of hydrogen molecules, and treats ra-
diation transport in the gray LTE approximation; for dis-
cussion of the validity of this approximation see Musielak
et al. (1994) and Ulmschneider et al. (1999). To run the
code, we must specify Teff , g, the metallicity ZM (solar)
and the mixing-length parameter α = lmix/H, where lmix

is the mixing-length and H the local scale height. A value
of α = 2 seems to be indicated by time-dependent hydro-
dynamic simulations of stellar convection (see, for exam-
ple, Steffen 1993; Trampedach et al. 1997) as well as by
a careful fitting of evolutionary tracks of the Sun with its
present luminosity, effective temperature and age (Hünsch
& Schröder 1997; Schröder & Eggleton 1996). The results
presented in this paper are obtained for α = 2.

2.3. Stellar magnetic flux tubes

Most of the magnetic field on the surface of the Sun is
observed in the form of thin flux tubes which at these
heights have diameters of the order of a scale height H0

(e.g., Stenflo 1978; Solanki 1993). We assume that we can
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extend this well-known and commonly accepted concept
of solar magnetic flux tubes to stellar flux tubes. At this
point, it is important to emphasize that previous (see
Saar 1996, and references therein) and recent (e.g., Rüedi
et al. 1997) measurements of stellar magnetic fields pro-
vide evidence for the existence of strong magnetic fields
(typical observed fields are comparable to or stronger than
the equipartition field). These fields are characteristic for
starspots but not for typical single magnetic flux tubes.
Thus, to construct models of stellar magnetic flux tubes,
we need to be guided by the results of solar observations
and have to extrapolate these results to stars. Our extrap-
olation appears justified by the fact that the considered
stars because of their surface convection zones are similar
to the Sun.

As already discussed by Musielak et al. (1989, 1995),
the efficiency of the generation of longitudinal tube waves
increases when the “stiffness” of the tube is decreased
(and the gas pressure p inside the tube is increased) by
decreasing the strength of the tube magnetic field (see
also Ulmschneider & Musielak 1998 and Ulmschneider
et al. 2001). A similar dependence on “stiffness” is
found in calculations of transverse waves (Musielak &
Ulmschneider 2001b). The choice of the tube field strength
is thus important. Unfortunately, there are no stellar ob-
servations that would allow us to estimate the value of the
plasma β = 8πp/B2 for stellar magnetic flux tubes, where
p is the gas pressure and B is the strength of the mag-
netic field. Similarly, there are no fully time-dependent
radiation-MHD simulations of stellar magnetic flux tubes
that for our range of stars would supply the value of B
and the amount of gas remaining in these tubes.

Table 1. Parameters used for constructing magnetic flux tube
models, tube diameter d0 (km) and magnetic field strength
B (G) at the stellar surface, for main-sequence stars of given
spectral type, effective temperature Teff (K), gravity g (cm s−2)
and color index B − V .

Star Teff log g B − V d0 B

F5V 6440 4.34 0.44 188 1410
G0V 6030 4.39 0.58 158 1570
G5V 5770 4.49 0.68 120 1740
K0V 5250 4.49 0.81 108 1850
K5V 4350 4.54 1.15 80 2370
M0V 3850 4.59 1.40 64 3260

As a result, we must proceed by analogy to the Sun.
A tube, completely devoid of gas, but in pressure equilib-
rium with the outside gas would have an equipartition field
strength B = Beq =

√
8πpe, where pe is the gas pressure

outside the tube. Magnetic flux tubes at the solar surface
typically have field strengths of the order of B = 1500 G.
On the other hand, taking pe = 1.17×105 dyn cm−2 from
model C of Vernazza et al. (1981) at the height z = 0
where τ5000 = 1, one gets an equipartition field strength

Fig. 1. Magnetic flux tube models for stars of different spectral
types, for the case of a magnetic filling factor f = 0.1.

of Beq = 1715 G. We thus find a ratio B/Beq = 0.875
and consider it as typical for solar and stellar flux tubes.
Although this ratio is likely to vary even on the Sun
(e.g., Solanki 1993), we have adopted a field strength of
B/Beq = 0.85 for all our stellar flux tubes. Since the ex-
ternal atmosphere can be computed using a stellar atmo-
sphere code based on the parameters Teff , g and ZM, the
thin magnetic flux tube model can then be calculated us-
ing the tube diameter d0 = H0 and the magnetic field
strength B = 0.85

√
8πpe at the stellar surface, and by de-

manding magnetic flux conservation as well as horizontal
pressure balance p + B2/(8π) = pe for the other heights
(see Fawzy et al. 1998). Here B2/(8π) is the magnetic
pressure and p the gas pressure in the tube.

Values of B and d0 for a series of late-type stars are
given in Table 1. The stellar parameters in this table were
taken from Landolt-Börnstein (1982). Figure 1 shows mag-
netic flux tube models for the stars of Table 1. Note that
the horizontal and vertical distance scales are very dif-
ferent. The bottom diameter of the tube d0 is largest
for the hot F5V star because of the large scale height
H0 = <Teff/(µg), with < the gas constant and µ the
mean molecular weight at the surface. Although d0 is
independent of the filling factor, the amount of spread-
ing of the tube depends on f . As will be shown below
(see also Fig. 6), the maximum tube diameter is given by
dmax = d0

√
π/4f . Figure 1 shows tube models for filling

factors f = 0.1.

2.4. Wave energy fluxes for late-type stars

It is now well established that stellar chromospheres
and the observed excess of chromospheric emission for
late-type stars are produced by mechanical heating
(e.g., Narain & Ulmschneider 1996). In our present work
we explore the possibility that the mechanical heating
is overwhelmingly due to acoustic and magnetic waves.
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These waves are produced by turbulent flows and pressure
fluctuations generated in the convection zones. Since the
wave generation process depends on a high power of the
velocity fluctuation (Lighthill 1952; Musielak et al. 1989;
2001a), one gets the largest contribution to the wave gen-
eration from those regions where the convective velocities
are largest. Because of the rapid density decrease near the
stellar surface these regions occur close to the top of the
convection zones. Therefore, the first step in a wave gen-
eration computation is to obtain a reasonable representa-
tion of the flow field in the top regions of stellar convection
zones.

Based on the pioneering work by Lighthill (1952) and
Proudman (1952) as well as others, Stein (1967) applied
their theory of acoustic sound generation from turbu-
lent flow fields to the solar convection zone (now called
Lighthill-Stein theory). Musielak et al. (1994) provided
further modifications of this theory.

Our wave generation calculations are based on the as-
sumptions that the turbulence in the convection zones can
be represented by an energy spectrum

E′(ω) =

∞∫
0

E(k)G
(

ω

kuk

)
dk, (1)

where E(k) is the spatial energy spectrum and G the fre-
quency factor derived, respectively, from the spatial and
temporal correlations of velocity fluctuations in the tur-
bulent flow field. Musielak et al. (1994) argued from re-
cent observational and numerical work that an extended
form of the Kolmogorov spectrum E(k) with a modified
Gaussian frequency factor G, that is an eKmG-spectrum
is a much better representation of the turbulent flow field
of the solar convection zone than previous assumptions.
They proposed that E(k) should be given by

E(k) =


0 0 < k < akt

b
u2

t
kt

(
k
kt

)
akt ≤ k < kt

b
u2

t
kt

(
k
kt

)−5/3

kt ≤ k ≤ kd

, (2)

where a = 0.2 and b = 0.758. Here ut is the rms turbulent
velocity of the flow field, kt = 2π/H0 the dominant wave
number with H0 = <Teff/(µg) being the scale height at
the stellar surface and µ = 1.3 the molecular weight. kd =
2π/L is the wave number where the turbulent cascade ends
(see Theurer et al. 1997b), for our purposes it is sufficient
to take L = H0/100.

For the modified Gaussian frequency factor we have

G

(
ω

kuk

)
=

4√
π

ω2

|kuk|3
e−( ω

kuk
)2

, (3)

where

uk =

 2k∫
k

E(k′)dk′

1/2

. (4)

According to Musielak et al. (1994), the forms of E(k)
and G are chosen because in the former the main energy

carrying eddies have vertical sizes of roughly one scale
height H0 and the maximum contribution to G is from
bubbles which have just traveled a distance equal to their
own diameter.

Using a stellar convection zone model based on the val-
ues of α, Teff , g and solar metallicity, ZM, acoustic fluxes
and acoustic spectra are computed on basis of this eKmG
turbulent energy spectrum following Musielak et al. (1994)
and Ulmschneider et al. (1996). For these computations
we assume that ut = vconv, where vconv is the height-
dependent convective velocity which is obtained from a
convection zone model. The total acoustic fluxes com-
puted this way for a series of main-sequence stars are
shown in Table 2.

For the computation of the magnetic wave generation,
thin magnetic flux-tube models are constructed as dis-
cussed above. These tubes are perturbed by the turbulent
motions existing in the convection zone regions outside
the tube. Here pressure fluctuations give rise to longitudi-
nal tube waves and velocity fluctuations to transverse tube
waves.

There are two approaches to these magnetic wave gen-
eration computations, an analytical approach similar to
the Lighthill-Stein theory, and a numerical approach. The
analytical approach by Musielak et al. (1989, 1995) for
longitudinal and by Musielak & Ulmschneider (2001a,b)
for transverse waves gives results which are valid for small
amplitude (linear) fluctuations. As this approach neglects
the occasionally large amplitude fluctuations we believe
that it provides lower estimates for the wave fluxes. But
the advantage of this method is that it allows to take into
account correlation effects resulting from a simultaneous
squeezing and shaking of the flux tube along its entire
length.

The numerical approach consists of applying time-
dependent squeezing and shaking at a single specified
height (for which we take the stellar surface) to the flux
tube. These squeezings and shakings are assumed to be
caused by external velocity fluctuations, which are mod-
eled by the superposition of a large number of partial
waves of frequencies ωn

vx(t) =
N∑
n=1

un sin(ωnt+ ϕn), (5)

where un is the velocity amplitude and ϕn = 2πrn is an
arbitrary but constant phase angle with rn a random num-
ber in the interval [0, 1] (Ulmschneider & Musielak 1998).
The velocity amplitudes un are related to vx and the rms
turbulent velocity fluctuation, ut, by

v2
x = u2

t =
1
2

N∑
n=1

u2
n , (6)

where

un =

√
4
3
E′(ωn)∆ω , (7)
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and E′ is given by Eq. (1). Here again an eKmG turbulent
energy spectrum is taken.

To generate transverse waves, vx is applied as bound-
ary condition of our time-dependent wave code at the ex-
citation height at the stellar surface (Huang et al. 1995),
while

v‖ =
β

2/γ + β

3ρe(v2
x − u2

t )
ρ0cT0

· (8)

is applied to generate longitudinal waves (Ulmschneider
et al. 2001). Here ρ0, p0, cT0 are the density, gas pressure
and wave speed inside the tube, β = 8πp0/B

2, γ is the
ratio of specific heats and ρe is the external density all at
the excitation height. Note that while in our analytical ap-
proach ut is a height-dependent quantity, the single value
ut at the excitation height in the numerical approach is
taken to be one half of the maximum convective velocity
vconv which occurs in the convection zone model.

This way, for given values of α, Teff , g and B =
0.85Beq, more realistic energy fluxes and spectra car-
ried by nonlinear longitudinal waves (Ulmschneider &
Musielak 1998; Ulmschneider et al. 2001) and nonlinear
transverse waves (Huang et al. 1995) have been computed
for main-sequence stars. Note that in these computations,
due to our assumption that the flux-tubes at the stellar
surface have a diameter d0 = H0 and as B = 0.85

√
8πpe,

the magnetic wave energy generated in an individual flux
tube does not depend on the filling factor f . However, as a
larger filling factor implies more magnetic flux, the num-
ber of flux tubes on the star and thus the total generated
magnetic wave energy increases with the filling factor. As
shown below, the filling factor also affects the magnetic
wave heating because with increasing f , the space avail-
able for the spreading tube decreases.

The waves generated in the tube represent a mixture of
propagating (with frequencies higher than the Defouw fre-
quency, ωD) and non-propagating (with frequencies lower
than ωD) longitudinal tube waves. The reason for this
is that both the turbulent energy spectrum and the fre-
quency factor of the fluid motions in the nonmagnetic
flow field outside the tube are independent of the cut-
off frequency of the waves inside the tube. Therefore, the
total velocity perturbations v‖ generated in the tube by
the outside pressure perturbations depend on frequencies
both above and below ωD. As we are only interested in
propagating waves, the non-propagating wave perturba-
tions have to be removed by using Fourier techniques.
To compute the upward propagating wave flux we follow
Ulmschneider et al. (2001).

2.5. Wave spectra and monochromatic waves

The longitudinal wave energy spectra calculated using
the method of Ulmschneider et al. (2001) for the main-
sequence stars of Table 2 are shown in Fig. 2. The ta-
ble also displays the computed total upward propagating
wave energy fluxes FL obtained by using the numerical
approach and taking field strengths B = 0.85Beq. It is
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Fig. 2. Power spectra of the generated longitudinal tube waves
for different stars, assuming a magnetic field strength B =
0.85Beq. Frequencies taken for monochromatic wave calcula-
tions are marked.

seen that the spectra decrease in magnitude in proportion
to FL and that the maxima of the spectra shift slightly
towards higher frequency for later spectral types.

Since our current calculations of the wave propaga-
tion (see Buchholz et al. 1998; Cuntz et al. 1999) are per-
formed by using monochromatic waves in which we picture
the total wave flux FL as carried by a longitudinal wave
with period PL, we now discuss the process by which we
select this wave period. That monochromatic waves are
used in our present work instead of the entire generated
wave spectrum (see work by Theurer et al. 1997a,b, for
the Sun) is due to the fact that a radiation-hydrodynamic
wave calculation for a full spectrum requires a code which
is able to treat the time-dependent hydrogen ionization
by solving the time-dependent rate equations for the hy-
drogen atomic levels. This is because the low frequency
components of the wave spectrum produce strong solitary
shocks which cannot be accurately handled by using our
present methods. Since these occasionally occurring soli-
tary shocks are a peripheral feature of the chromospheric
heating picture (Kalkofen et al. 1999; Theurer et al. 1997b)
we think that by avoiding these solitary shocks a reason-
ably accurate chromospheric heating can be achieved with
our present methods in which we use a non-ionizing wave
code and monochromatic waves. This view is also war-
ranted because we use the entire available generated wave
energy for the heating of the outer stellar atmosphere, and
the wave code only specifies how this energy is distributed
over height.

For the monochromatic wave calculation we have se-
lected wave periods PL which correspond to the maximum
of the (smoothed) longitudinal wave spectrum (actually
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Table 2. Total propagating longitudinal tube wave fluxes FL

and acoustic fluxes FA (erg cm−2 s−1) for main-sequence stars
of given spectral type, Teff (K) and gravity (cm s−2). Also given
are the longitudinal PL (s) and acoustic PA (s) wave periods
used for monochromatic wave calculations.

Star Teff log g FL PL FA PA

F5V 6440 4.34 1.1× 109 85 6.7× 108 55
G0V 6030 4.39 8.8× 108 75 3.2× 108 46
G5V 5770 4.49 5.6× 108 63 1.7× 108 42
K0V 5250 4.49 3.8× 108 58 5.2× 107 38
K5V 4350 4.54 1.1× 108 54 3.8× 106 34
M0V 3850 4.59 2.0× 107 50 3.6× 105 31

taking values at the high-frequency side of this maximum).
The values are given in Table 2 and are also displayed in
Fig. 2 in relation to the wave spectra. In a similar way
we evaluate the acoustic energy generation by following
Ulmschneider et al. (1996). The generated total acoustic
wave fluxes FA and monochromatic wave periods PA are
also displayed in Table 2.

3. Initial atmosphere models and the wave
propagation

3.1. Piston boundary condition

To compute the propagation of acoustic waves we solve
the one-dimensional, time-dependent hydrodynamic equa-
tions consisting of the continuity, momentum, and en-
ergy equations utilizing the modified method of charac-
teristics, as described in our previous work (Ulmschneider
et al. 1977; Ulmschneider & Kalkofen 1978; Schmitz
et al. 1985; Ulmschneider et al. 1987; Rammacher &
Ulmschneider 1992; Buchholz et al. 1998).

At the bottom of the external atmosphere at opti-
cal depth τ5000 = 1, monochromatic sinusoidal acous-
tic waves are introduced by specifying the piston veloc-
ities v(t) = −vA sin(2πt/PA), where PA is the period and
vA =

√
2FA/(ρ0c0) is the velocity amplitude determined

from the initial acoustic wave energy flux FA, which to-
gether with PA is given in Table 2. Here ρ0 is the density
and c0 the sound speed at the bottom of the atmosphere
model. The specified gravity g and effective temperature
Teff of the star enters as a term in the hydrodynamic equa-
tions and as radiative boundary condition (specifying the
outgoing radiative intensity) at the bottom of the atmo-
sphere, respectively. The propagation of the waves is cal-
culated numerically to the point of shock formation and
beyond. The shocks are treated as discontinuities by solv-
ing the Rankine-Hugoniot equations, and are permitted
to grow to arbitrary strength. At the top of the atmo-
sphere we use a transmitting boundary condition. Note
that in order to avoid a violent initial transient behavior
the velocity amplitudes in all calculations are slowly in-
creased from zero until after 9 wave periods they attain

their full specified value. To achieve dynamical equilibrium
the acoustic wave calculations are typically continued for
about 43 wave periods.

The computation of longitudinal waves is very sim-
ilar to that of acoustic waves and is fully implemented
in our hydrodynamic wave code for acoustic waves (see
Herbold et al. 1985; Rammacher & Ulmschneider 1989;
Fawzy et al. 1998). The set of MHD equations is sim-
plified by taking into account the thin flux tube approx-
imation and is solved by using the modified method of
characteristics (see also Cuntz et al. 1999). The monochro-
matic longitudinal wave is introduced at the bottom of
the magnetic flux tube model by specifying the piston ve-
locities v(t) = −vL sin(2πt/PL), where PL is the period
and vL =

√
2FL/(ρ0cT0) the velocity amplitude deter-

mined from the initial longitudinal wave energy flux FL,
which together with PL is given in Table 2. Here cT0 is the
tube speed at the bottom of the tube model. The shocks
are computed by using magnetic versions of the Hugoniot
relations (see Herbold et al. 1995). Again we assume a
transmitting boundary condition at the top. Here also the
wave amplitude is slowly increased over 40 wave periods,
and the total calculation typically lasts for about 53 wave
periods.

For the computation of the magnetic waves, we have
to take into account the fact that the longitudinal tube
waves heat the medium directly by shock dissipation, how-
ever, the transverse tube waves require nonlinear mode-
coupling to longitudinal waves (Ulmschneider et al. 1991)
to dissipate their carried energy. Although the propaga-
tion of both transverse and longitudinal waves could be
simulated in principle by performing a time-dependent
computation (see Ulmschneider et al. 1991; Zhugzhda
et al. 1995), we defer such computations to future work
because in these codes the radiation treatments are
not yet fully implemented and particularly because the
questions about leakage of transverse wave energy away
from the flux tube (Ziegler & Ulmschneider 1997; Huang
et al. 1999) is not yet sufficiently understood. Note that
the work of Zhugzhda et al. (1995) has shown that par-
ticularly at shock formation, very strong mode-coupling
occurs because despite of the different propagation speeds
of the two wave types, there are no separate transverse and
longitudinal shocks. One rather finds that the kink shocks
and longitudinal shocks coincide and propagate with a
common speed.

To simplify the situation, we thus assume that a speci-
fied fraction of the transverse wave flux becomes available
as longitudinal wave flux and compute the propagation
and shock formation of the longitudinal wave only. Since
we found that the generated transverse wave energy is
roughly by a factor of 30 greater than the longitudinal
wave energy (Huang et al. 1995; Musielak & Ulmschneider
2001a,b) we simulate the mode-coupling by increasing the
generated longitudinal wave fluxes given in Table 2 by an
assumed wave flux multiplication factor M for which we
take values between 1 and 5, that is, by actually using
fluxes F = MFL.
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Fig. 3. Snapshot of temperature T (K), velocity v (km s−1)
and logarithm of the gas pressure p (dyn/cm2) as a function of
height z (km) in a magnetic flux tube on an F5V star covered
by magnetic fields with a filling factor f = 0.1. For fluxes FL

with a multiplication factor M = 0.5 at time t = 2000 s.
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Fig. 4. The same as in Fig. 3 but for a K5V star.

Figures 3 and 4 show snapshots of magnetic tube wave
calculations at times t = 2000 s for the F5V star and the
K5V star. Here about 30 shocks have already transmitted
at the top boundaries and the state of dynamical equilib-
rium has set in. Similar calculations were performed for
the acoustic waves. Note also that contrary to our acous-
tic wave calculations (Buchholz et al. 1998, Fig. 1), Figs. 3
and 4 do not show the limiting shock strength behavior
by which the temperature-jumps at the shocks become
similar as soon as the waves have grown into a fully de-
veloped sawtooth wave. This means that the behavior of
the temperature in the tubes models depends strongly on
the spreading, that is, on the growth of the tube diameter
with height. At greater height, where the tubes attain a
constant cross-section, the limiting shock strength behav-
ior is expected to reappear (see Fawzy et al. 1998).

3.2. Initial atmosphere models

With time-dependent wave codes one usually starts
with initial atmosphere models which are con-
structed by employing temperature correction methods

(Cuntz et al. 1999) and using the same emitters as for
the wave code. This is because in absence of piston
motions, these models then do not show major velocity
and temperature fluctuations. However, it has to be
noted, that because of the absence of mechanical heating,
these initial models are quite unrealistic, as due to the
small scale height, most of the mass is concentrated at the
bottom of the models. To distribute this mass realistically
over height, the wave heating must act for a considerable
time, until a dynamical equilibrium state is reached and
switch-on effects have died out.

The initial atmosphere models are constructed by spec-
ifying the stellar parameters effective temperature Teff ,
gravity g, and magnetic filling factor f at the stellar sur-
face. At first a model in radiative and hydrostatic equilib-
rium of the non-magnetic external atmosphere is gener-
ated by using temperature correction methods to ensure
that the specified radiation flux σT 4

eff is correctly repro-
duced. Subsequently in this external atmosphere a mag-
netic flux tube model is embedded with a magnetic field
strength of B = 0.85Beq at the stellar surface and a tube
diameter of d0 = H0 at that height. The values for d0 and
B for the chosen stars are given in Table 1. The shape of
this flux tube is determined by magnetic flux conservation
and horizontal pressure balance and after first spreading
exponentially is constrained by the magnetic filling factor
f (see Fig. 1, for details see Fawzy et al. 1998). The tem-
perature in the flux tube is again determined by employ-
ing temperature correction methods. It typically is close
to the external temperature. Figure 5 shows initial tem-
perature distribution of such tube models constructed in
hydrostatic and radiative equilibrium, that is, in absence
of mechanical heating.

A persistent feature of these models, seen particularly
for the M0V star, but occurring for all stars, is that the
temperature after reaching a minimum, increases again
in outward direction without mechanical heating. This is
a purely NLTE radiative equilibrium effect due to H−

known as Cayrel effect (Cayrel 1963, 1964) which is par-
tially counteracted by our Ca II and Mg II line cooling.
More realistic models include a large amount of additional
emitters such that this purely radiative temperature rise
may be lower or nonexistant.

4. Chromospheric emission and radiation flux

4.1. The chromospheric emitters

For the treatment of the radiative losses (and gains) re-
quired for the energy equation we take the H− contin-
uum as well as the Ca II, Mg II and Fe II lines into ac-
count by solving the radiative transfer equations and the
statistical equilibrium equations for NLTE populations
(Ulmschneider & Kalkofen 1978; Ulmschneider et al.
1987). The ionization of hydrogen is taken into account
as far as the electron density is concerned which enters
the line-radiation. For this, we assume that the hydrogen
departure coefficients by Hartmann & McGregor (1980)
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Fig. 5. Initial temperature distributions in magnetic flux tubes
covering the main sequence stars of Table 2 with a magnetic
filling factor f = 0.1.

can be used. As we are only concerned with the chromo-
sphere up to the height of the formation of the Mg II h+k
line cores, we have not included the effects of the hydrogen
ionization on the composition of the medium and assume
that we can deal with an non-ionized gas of mean molec-
ular weight µ = 1.3.

The correct treatment of the radiative losses in the
chromospheric emission lines, required for the compu-
tation of the energy conservation in the hydrodynamic
equations, necessitates the use of partial redistribution
PRD (e.g., Ulmschneider 1994) because the line wings are
formed by coherent scattering and only the line cores con-
tribute to the radiative energy loss. However, a line treat-
ment implementing PRD (Ulmschneider 1994) is math-
ematically complex and leads to excessive computation
times that cannot be tolerated in time-dependent wave
calculations. We thus follow Hünerth & Ulmschneider
(1995) who employed the so-called pseudo-PRD, which
artificially removes the damping wings from the lines by
multiplying the damping parameter a in the Voigt func-
tion by a factor 1/100 and computes the line assuming
complete frequency redistribution CRD. Simulations of so-
lar Mg II line cooling show that pseudo-PRD works very
well (Hünerth & Ulmschneider 1995).

In order to achieve rapid progress of the time-
dependent calculations, we do not want to compute the
total chromospheric radiation losses by employing com-
plicated multilevel atomic models of Ca II, Mg II and
Fe II. We rather approximate the ions by a two level atom
treated in pseudo-PRD and multiply the single line emis-
sion by factors to take into account the other lines of the
given ion. We thus multiply our Mg II k-line computa-
tion by a factor 2 to also account for the Mg II h-line
and the Ca II K-line computation by a factor of 5 to take
into account the H-line and the three IRT lines. We found
that the Fe II emission can also be crudely taken into

Fig. 6. A side view of rows of magnetic flux tubes for two stars
with different magnetic filling factors; a star with low filling
factor (Sun, f = 0.015, left) and high filling factor (f = 0.4,
right), dashed arrows show the ray paths inclined by the angle
φ with respect to the vertical.

account by simply doubling the Ca II losses. In our com-
putations we therefore multiply the Ca II K-line pseudo-
PRD losses by a factor 10. For the computations of the
single lines we use a revised operator splitting method
(Buchholz et al. 1994) which allows for the proper han-
dling of shocks. We use 19 frequency points for H− and 29
frequency points each for the Mg II K and Ca II K lines.

In our treatment of the radiation in the magnetic flux-
tube models, we assume that for H− the tubes are opti-
cally thin and, therefore, the mean intensity is given as
height-dependent function from an external acoustic wave
computation. The NLTE source function of H− in the
tubes can then be determined locally and the H− losses
become a local function of temperature and density. For
the chromospheric lines, however, we assume that the op-
tical depth across the tube is so large that we can use a
similar two beam radiation treatment as employed for the
outside medium.

It has to be noted that these radiation treatments ap-
ply to our time-dependent wave computations only. After
the completion of the wave calculation, individual snap-
shots of the wave can be taken to compute more accurate
radiation properties using extensive multilevel atom mod-
els and applying the full PRD treatment for the involved
lines. This way the emergent radiation fluxes are deter-
mined, and the accuracy of our rapid approximation to
compute the total chromospheric radiation losses can be
evaluated.

4.2. Multi-ray radiative transfer

Once the wave computation is completed, we compute
the average emerging radiation flux from the stars in the
Mg II h+k and Ca II H+K lines. Figure 6 shows the mag-
netic field geometry of two stellar regions of different filling
factor f . It is seen that the individual flux tubes (indicated
gray) which at the stellar surface have a diameter of d0

spread with height z until they meet the neighboring flux



D. Fawzy et al.: Chromospheric wave heating. I. 979

tubes, and with a maximum diameter dmax fill out the en-
tire available space. In horizontal direction x the next flux
tube lies a distance dmax away. Assuming a circular cross-
section of the flux tube at the stellar surface, the filling
factor is given by f = πd2

0/(4d2
max) which permits to write

the maximum diameter of the tube as dmax = d0

√
π/4f .

The figure shows that dmax narrows with increasing fill-
ing factor as at the stellar surface the tube diameter is
assumed to be given by d0 = H0, independent of f . Thus
d0 will be the same for stars with similar Teff , g and ZM,
and the figure shows the situation when only f is varied.
Although in Fig. 6 for f = 0.4 the magnetic area appears
to be larger than the non-magnetic area, the diameter
of the region between the circular tubes is still greater
than d0.

Because the number of flux tubes increases when f
is increased, one injects more magnetic wave flux into
the outer atmosphere, and as the heating in narrower
flux tubes is more intense (Fawzy et al. 1998), the two
cases shown in Fig. 6 will have very different magnetic
wave heating. In addition, one has acoustic heating in the
medium outside the magnetic regions.

Recalling that we perform time-dependent wave cal-
culations both inside and outside the magnetic tubes,
let us now consider the radiation emitted from this two-
component tube forest model. For the outside medium,
we select a wave phase from an acoustic wave calculation
which is close in emission to the average of all phases.
Since the magnetic waves propagate independently from
one another in each tube, we select four different wave
phases (spaced equally in time) from a magnetic wave
computation along a single flux tube and place them in
the two-dimensional surface region in four adjacent tubes.
This way, the stellar surface is assumed to be completely
covered by repeating sequences of blocks of four fluxtubes
with different wave phases.

Emanating from the two-dimensional surface region
at origin points, equidistantly spaced ray paths of suf-
ficient resolution are assumed to emerge (Fig. 6). They
penetrate the magnetic and non-magnetic regions and
the source function (computed assuming PRD) is inte-
grated along the ray paths emanating at a constant angle
φ with respect to the vertical. For more details of this
procedure see Rammacher & Ulmschneider (1989) and
Ulmschneider (1994). The total emerging line intensity
profile is the average over the individual rays.

In order to sample all possible situations, 600 origin
points are selected. For the emerging fluxes five angles (at
cosφ = 0.9, 0.7, 0.5, 0.3, and 0.1) were taken to ensure
that all angles equally contribute to the integrated flux.
However, it was found that it is sufficiently accurate to
take the single oblique angle cosφ = 1/

√
3, which we also

use for our two-beam radiative transfer calculations in the
wave computation.

The Mg II k and Ca II K emission lines and frequency-
dependent source functions are computed for each wave
phase, height and selected ray angle assuming PRD by
using a two-level atom description and employing the

operator splitting method described by Ulmschneider
(1994). We use 29 frequency points, distributed within
±10 Å of line center. Since the K1 minima and the K2

emission peaks in the models are always located within
±0.3 Å from line center, 21 of these frequency points are
concentrated in this core range. For the individual wave
phases these core frequency grid is shifted by small frac-
tions δλ of the grid distance ∆λ to capture the sharp emis-
sion peaks. Examples of such line profiles are seen below
in Figs. 7 and 8. The source functions of the different mhd
wave phases and the external acoustic wave phase are then
interpolated onto a common frequency grid of much higher
resolution (47 frequency points) for the multi-ray intensity
integration through the tube rows.

4.3. Integrated line profiles and emergent emission
fluxes

Once the wave calculations are completed, we use the
above discussed multi-ray method to compute the lines
of Ca II K and Mg II k which emerge from our two-
component flux-tube forest, assuming PRD. As discussed
above, we select (four) different phases from the longitudi-
nal wave calculation together with an average phase from
the acoustic wave computation. Integrating the line pro-
files I+(∆λ) over wavelength ∆λ in the line core (between
±3 Å), the K and k-line fluxes F = 2πµI+ are computed
and after multiplying with 2 to take into account the other
line of the doublet the total emerging emission fluxes of
the Ca II H+K and Mg II h+k lines are evaluated. Here
µ = 1/

√
3 is the angle cosine. For the Ca II lines we subse-

quently subtract the fluxes due to the photospheric back-
ground by generating line intensities similarly as for the
wave calculations, however now for the initial tube and
external atmospheres. Since the photospheric background
is not important for the Mg II lines, we did not apply
further corrections to those flux values.

5. Simulated theoretical line profiles and emission
fluxes

As an example Fig. 7 shows (solid line) the emerging core
intensities from an acoustic wave calculation of the F5V
star using the flux FA and period PA given in Table 2. This
calculation was carried out until after the time 2493 s,
40 shocks have transmitted. The figure shows 4 subse-
quent wave phases separated by 14 s, starting with 2493 s.
Also shown (dashed line) is the intensity profile of the ex-
ternal initial atmosphere similar to Fig. 5. Surprisingly
at first sight, this latter atmosphere in radiative and hy-
drostatic equilibrium, that is, without mechanical heating,
does also show emission peaks. As discussed above these
peaks are produced by the Cayrel effect and are most
likely an artifact of our restricted set of emitters. For the
Ca II H+K lines from the F5V star, we find a total flux of
1.8× 106, for the total flux corrected for the photospheric
background we obtain 8.7 × 105 and for the total photo-
spheric background 8.9 × 105 erg cm−2 s−1. To compute
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Fig. 7. Ca II K line intensities of four phases (solid) of an
acoustic wave calculation for the F5V star given in Table 2.
Also shown is the intensity (dashed) of the initial undisturbed
atmosphere.

these total fluxes the individual fluxes of the 4 phases were
averaged.

The influence of the aspect angle on the emergent in-
tensity from the flux tube forest is shown in Fig. 8 for
a G5V star with a magnetic filling factor f = 0.4 using
the data given in Table 2 and increasing the longitudinal
flux FL with a multiplication factor M = 5. The Mg II k-
line profiles are for different angles φ (in degrees) from the
vertical. It is seen that for small φ there is a large asymme-
try between the violet and red emission peaks which can
be attributed to the strong velocity-temperature correla-
tion in the post-shock regions combined with the removal
of the violet opacity by Doppler shift in the front-shock
regions for acoustic and longitudinal waves traveling in
vertical direction. This effect has already been discussed
in detail by Rammacher & Ulmschneider (1992). It is seen
that this correlation is lost when one looks onto the tube
forest from the side when φ is large. Here the velocities are
perpendicular to the line of sight and thus close to zero,
and the post-shock temperatures produce the symmetric
emission cores.

A comparison of emission cores of the Ca II K and
Mg II k lines for different stars, both for pure acoustic
waves (filling factor f = 0.0) and magnetic waves (fill-
ing factor f = 0.4 and M = 5), are shown in Fig. 9.
These profiles, which represent momentary wave phases
in a magnetic flux tube and in the external non-magnetic
atmosphere, clearly show that magnetic wave heating
strongly enhances the chromospheric emission relative to
pure acoustic heating. Also seen is the decrease of the
emission towards later spectral type which is due to a de-
crease of the acoustic and longitudinal wave fluxes. This is
ultimately caused by the decreasing convective velocities
in these stars.

As we are mainly interested in the chromospheric emis-
sion fluxes and want to reduce the large computation time

Fig. 8. Mg II k line intensity profiles for different angles φ
for the G5V star with a magnetic filling factor f = 0.2 and
multiplication factor M = 0.5.

for our full PRD line profile calculations, we used only 29
frequency points. A careful comparison with observed pro-
files will require theoretical profiles based on a more ex-
tended frequency grid, employing more wave phases and
particularly using an acoustic wave spectrum instead of
monochromatic waves. Such investigations are presently
undertaken and will be published separately. In Fig. 9 the
displayed asymmetries of the red and violet emission peaks
appear to be too large compared to observed ones, which
may be due to our use of monochromatic waves, although
large asymmetries have been observed (see Pasquini et al.
1988).

6. Conclusions

We have outlined a theoretical method based completely
on first principles to construct theoretical chromosphere
models and simulate chromospheric emission fluxes in the
Ca II H+K and Mg II h+k lines for late-type main se-
quence stars. The method requires specifying only the four
basic stellar parameters: effective temperature Teff , grav-
ity g, metallicity ZM (only solar-like population I metal
abundances are considered in this paper), and magnetic
filling factor, f , at the stellar surface. With these four
parameters, which uniquely identify a star, we construct
convection zone models and models of the magnetic flux
tube forest which homogeneously covers the stellar sur-
face. Here we assume that the magnetic field occurs mainly
in the form of thin flux tubes, which at the stellar surface
have diameters equal to the local scale height. The mag-
netic field strength at this height is assumed to be given by
a fixed fraction of the equipartition field strength, which
is determined by the external gas pressure.

Using the Lighthill-Stein theory for the acoustic waves
and a numerical method for the magnetic tube waves, we
have calculated acoustic, longitudinal and transverse tube
wave fluxes and determined wave periods. To take into



D. Fawzy et al.: Chromospheric wave heating. I. 981

In
te

n
s
it
y

( *
1
0

e
rg

c
m

s
s
r

H
z

-6
-2

-1
-1

-1
)

2

4

6

8

10

12

14

16

0

1

2

3

4

5

6

7

-1.0 -0.5 0.0 0.5 -0.5 0.0 0.5 -0.5 0.0 0.5 1.0

0

In
te

n
s
it
y

( *
1
0

e
rg

c
m

s
s
r

H
z

-6
-2

-1
-1

-1
)

∆ λ

F5V

F5V

G5V

G5V

K5V

K5V

Ca II K

Mg II k

Ca II K

Mg II k

Ca II K

Mg II k

Wavelength ( )A ∆ λWavelength ( )A ∆ λWavelength ( )A
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account transverse waves, the longitudinal wave fluxes are
increased by a factor M , which for realistic cases will
be around M = 5. The waves are allowed to propagate
and heat both components of these models by shock dis-
sipation. The time-dependent energy balance between the
amount of dissipated wave energy and the most promi-
nent chromospheric radiative losses is calculated at each
height in stellar atmospheres. For the obtained models,
the emerging radiative fluxes in the Ca II and Mg II lines
are computed by using a newly developed multi-ray radia-
tive transfer method. In the second paper of this series,
we shall use the presented approach to determine the the-
oretical range of chromospheric activity in late-type stars
and compare it with observations. This will allow us to
address an important (and currently unsolved) problem
of the role played by acoustic and magnetic wave energy
in heating of different regions of stellar atmospheres.
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