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Topics

• Theory part

‣ The classical astrophysical N-body problem

‣ Exact N-body schemes and Tree algorithm

‣ Some N-body codes

‣ REBOUND integrator package by Hanno Rein

‣ REBOUNDx package by Daniel Tamayo


• Hands-on exercises part

‣ Two-Body problem

‣ Saturn’s rings stability

‣ Stability of planetary system

‣ Kirkwood gaps

‣ Migrating planet

‣ <your project comes here> ….

N-Body modelling

Topics
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The classical astrophysical N-body problem

N-Body modelling


A number of N particles interact 
classically through Newton’s Laws of 
Motion and Newton’s Law of 
Gravitation.

For N=1 and N=2, the equation of 
motion can be solved analytically.
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<latexit sha1_base64="1wFSmP2MKyY1CQ32vVHWgIFlWf8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZ0XxAcoS9zV6yZHfv2J0TQshPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0qlsOj7315hbX1jc6u4XdrZ3ds/KB8eNW2SGcYbLJGJaUfUcik0b6BAydup4VRFkrei0e3Mbz1xY0WiH3Gc8lDRgRaxYBSd9KB6o1654lf9OcgqCXJSgRz1Xvmr209YprhGJqm1ncBPMZxQg4JJPi11M8tTykZ0wDuOaqq4DSfzU6fkzCl9EifGlUYyV39PTKiydqwi16koDu2yNxP/8zoZxtfhROg0Q67ZYlGcSYIJmf1N+sJwhnLsCGVGuFsJG1JDGbp0Si6EYPnlVdK8qAZ+Nbi/rNRu8jiKcAKncA4BXEEN7qAODWAwgGd4hTdPei/eu/exaC14+cwx/IH3+QNRCI3J</latexit><latexit sha1_base64="1wFSmP2MKyY1CQ32vVHWgIFlWf8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZ0XxAcoS9zV6yZHfv2J0TQshPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0qlsOj7315hbX1jc6u4XdrZ3ds/KB8eNW2SGcYbLJGJaUfUcik0b6BAydup4VRFkrei0e3Mbz1xY0WiH3Gc8lDRgRaxYBSd9KB6o1654lf9OcgqCXJSgRz1Xvmr209YprhGJqm1ncBPMZxQg4JJPi11M8tTykZ0wDuOaqq4DSfzU6fkzCl9EifGlUYyV39PTKiydqwi16koDu2yNxP/8zoZxtfhROg0Q67ZYlGcSYIJmf1N+sJwhnLsCGVGuFsJG1JDGbp0Si6EYPnlVdK8qAZ+Nbi/rNRu8jiKcAKncA4BXEEN7qAODWAwgGd4hTdPei/eu/exaC14+cwx/IH3+QNRCI3J</latexit><latexit sha1_base64="1wFSmP2MKyY1CQ32vVHWgIFlWf8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZ0XxAcoS9zV6yZHfv2J0TQshPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0qlsOj7315hbX1jc6u4XdrZ3ds/KB8eNW2SGcYbLJGJaUfUcik0b6BAydup4VRFkrei0e3Mbz1xY0WiH3Gc8lDRgRaxYBSd9KB6o1654lf9OcgqCXJSgRz1Xvmr209YprhGJqm1ncBPMZxQg4JJPi11M8tTykZ0wDuOaqq4DSfzU6fkzCl9EifGlUYyV39PTKiydqwi16koDu2yNxP/8zoZxtfhROg0Q67ZYlGcSYIJmf1N+sJwhnLsCGVGuFsJG1JDGbp0Si6EYPnlVdK8qAZ+Nbi/rNRu8jiKcAKncA4BXEEN7qAODWAwgGd4hTdPei/eu/exaC14+cwx/IH3+QNRCI3J</latexit><latexit sha1_base64="1wFSmP2MKyY1CQ32vVHWgIFlWf8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZ0XxAcoS9zV6yZHfv2J0TQshPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0qlsOj7315hbX1jc6u4XdrZ3ds/KB8eNW2SGcYbLJGJaUfUcik0b6BAydup4VRFkrei0e3Mbz1xY0WiH3Gc8lDRgRaxYBSd9KB6o1654lf9OcgqCXJSgRz1Xvmr209YprhGJqm1ncBPMZxQg4JJPi11M8tTykZ0wDuOaqq4DSfzU6fkzCl9EifGlUYyV39PTKiydqwi16koDu2yNxP/8zoZxtfhROg0Q67ZYlGcSYIJmf1N+sJwhnLsCGVGuFsJG1JDGbp0Si6EYPnlVdK8qAZ+Nbi/rNRu8jiKcAKncA4BXEEN7qAODWAwgGd4hTdPei/eu/exaC14+cwx/IH3+QNRCI3J</latexit>
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Applications

• Few-body systems N≅ 3-10

N-Body modelling

Applications

https://www.esa.int/ESA_Multimedia/Images/2019/12/Examples_of_planetary_systems
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• Many-body systems 
N≅10-400 and tracers 
 
 
planetary systems with 
minor bodies 
 
formation of asteroid 
families

Applications

MPC

N-Body modelling

Applications

MPC 2011
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• Large N-body systems

‣ globular star clusters 

N > 103

‣ large-scale structure 

of the universe

‣ galactic dynamics and 

cosmology N > 106

Applications

M80, Hubble, NASA

N-Body modelling

Applications
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• Large N-body systems

‣ globular star clusters N > 

103

‣ large-scale structure of 

the universe

‣ galactic dynamics and 

cosmology N > 106


‣ coupled hydro-nbody 
simulations, Tree-
Particle-Mesh (Tree-PM) 

Applications

IllustrisTNG

N-Body modelling

Applications
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Applications · Gravity is everywhere

• Few-body systems N≅ 3-10

‣ planetary systems


• Many-body systems N≅10-400 and tracers

‣ planetary systems with minor bodies - 

formation of asteroid families


• Large N-body systems

‣ globular star clusters N > 103

‣ large-scale structure of the universe

‣ galactic dynamics and cosmology N > 106

celestial mechanics

dense stellar systems

galactic dynamics

N-Body modelling

Applications
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Applications · today during the workshop

• Few-body systems N≅ 3-10

‣ planetary systems


• Many-body systems N≅10-400 and tracers

‣ planetary systems with minor bodies - 

formation of asteroid families


• Large N-body systems

‣ globular star clusters N > 103

‣ large-scale structure of the universe

‣ galactic dynamics and cosmology N > 106

celestial mechanics

dense stellar systems

galactic dynamics

N-Body modelling

Applications
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Time Integrators

‣ Consider the following problem

 




   


‣ Finite interval [a,b] and function f(t,y) are given.


‣ We seek a function y(t) defined on [a,b], such that y′(t) = f(t,y(t))  
for a ≤ t ≤ b, and such that y(t) satisfies the initial condition 
y(a) = y0, where y0 is some prescribed value. 


‣ This is called an initial value problem, cf. N-Body problem.

y′￼(t) =
dy
dt

= f(t, (y(t)), a ≤ t ≤ b,

y(a) = y0 .

N-Body modelling

Time Integrators
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Time Integrators

‣ The IVP consists of two parts: the differential equation which gives the 
relationship between y(t) and y′(t) and the initial condition 
y(a) = y0.

N-Body modelling

Time Integrators

‣ Slope field, vector plot at 
points (t, y) showing the 
slope [1, f (t, y(t))]. It gives 
an impression on the type 
of possible solutions. The 
choice of y0 selects the 
specific, corresponding 
solution. 


t



Direct N-Body

N-Body modelling

Direct N-Body

set of N·dimension 2nd order differential equations


 → 2N·dimension sets of 1st order differential equations


initial value problem: 2N·dimension additional conditions needed


initial positions and velocities have to be known     🤔

dri
dt

= vi
<latexit sha1_base64="1QeSLDVuRdZUMOxQct1ktOPOQi0=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARXJVEBLtQKLhxWcFeoA1hMpm0QyeTMDMplJBXceOruHGhSHfiyzhJI9TWAwMf/38Oc87vxYxKZVlfRmVjc2t7p7pb29s/ODwyj0+6MkoEJh0csUj0PSQJo5x0FFWM9GNBUOgx0vMm97nfmxIhacSf1CwmTohGnAYUI6Ul12wOA4FwOgyRGosw9bOCvCAVmUuzJV1ld/DXm2rPNetWwyoKroNdQh2U1XbN+dCPcBISrjBDUg5sK1ZOioSimJGsNkwkiRGeoBEZaOQoJNJJiwszeKEVHwaR0I8rWKjLEykKpZyFnu7Md5SrXi7+5w0SFTSdlPI4UYTjxUdBwqCKYB4X9KkgWLGZBoQF1btCPEY6MqVDrekQ7NWT16F71bCthv14XW/dlnFUwRk4B5fABjegBR5AG3QABs/gFbyDD+PFeDM+jfmitWKUM6fgTxnfP2NcphQ=</latexit><latexit sha1_base64="1QeSLDVuRdZUMOxQct1ktOPOQi0=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARXJVEBLtQKLhxWcFeoA1hMpm0QyeTMDMplJBXceOruHGhSHfiyzhJI9TWAwMf/38Oc87vxYxKZVlfRmVjc2t7p7pb29s/ODwyj0+6MkoEJh0csUj0PSQJo5x0FFWM9GNBUOgx0vMm97nfmxIhacSf1CwmTohGnAYUI6Ul12wOA4FwOgyRGosw9bOCvCAVmUuzJV1ld/DXm2rPNetWwyoKroNdQh2U1XbN+dCPcBISrjBDUg5sK1ZOioSimJGsNkwkiRGeoBEZaOQoJNJJiwszeKEVHwaR0I8rWKjLEykKpZyFnu7Md5SrXi7+5w0SFTSdlPI4UYTjxUdBwqCKYB4X9KkgWLGZBoQF1btCPEY6MqVDrekQ7NWT16F71bCthv14XW/dlnFUwRk4B5fABjegBR5AG3QABs/gFbyDD+PFeDM+jfmitWKUM6fgTxnfP2NcphQ=</latexit><latexit sha1_base64="1QeSLDVuRdZUMOxQct1ktOPOQi0=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARXJVEBLtQKLhxWcFeoA1hMpm0QyeTMDMplJBXceOruHGhSHfiyzhJI9TWAwMf/38Oc87vxYxKZVlfRmVjc2t7p7pb29s/ODwyj0+6MkoEJh0csUj0PSQJo5x0FFWM9GNBUOgx0vMm97nfmxIhacSf1CwmTohGnAYUI6Ul12wOA4FwOgyRGosw9bOCvCAVmUuzJV1ld/DXm2rPNetWwyoKroNdQh2U1XbN+dCPcBISrjBDUg5sK1ZOioSimJGsNkwkiRGeoBEZaOQoJNJJiwszeKEVHwaR0I8rWKjLEykKpZyFnu7Md5SrXi7+5w0SFTSdlPI4UYTjxUdBwqCKYB4X9KkgWLGZBoQF1btCPEY6MqVDrekQ7NWT16F71bCthv14XW/dlnFUwRk4B5fABjegBR5AG3QABs/gFbyDD+PFeDM+jfmitWKUM6fgTxnfP2NcphQ=</latexit><latexit sha1_base64="1QeSLDVuRdZUMOxQct1ktOPOQi0=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARXJVEBLtQKLhxWcFeoA1hMpm0QyeTMDMplJBXceOruHGhSHfiyzhJI9TWAwMf/38Oc87vxYxKZVlfRmVjc2t7p7pb29s/ODwyj0+6MkoEJh0csUj0PSQJo5x0FFWM9GNBUOgx0vMm97nfmxIhacSf1CwmTohGnAYUI6Ul12wOA4FwOgyRGosw9bOCvCAVmUuzJV1ld/DXm2rPNetWwyoKroNdQh2U1XbN+dCPcBISrjBDUg5sK1ZOioSimJGsNkwkiRGeoBEZaOQoJNJJiwszeKEVHwaR0I8rWKjLEykKpZyFnu7Md5SrXi7+5w0SFTSdlPI4UYTjxUdBwqCKYB4X9KkgWLGZBoQF1btCPEY6MqVDrekQ7NWT16F71bCthv14XW/dlnFUwRk4B5fABjegBR5AG3QABs/gFbyDD+PFeDM+jfmitWKUM6fgTxnfP2NcphQ=</latexit>

d2ri
dt2

= �G
NX

j 6=i

mj
ri � rj

|ri � rj |3
<latexit sha1_base64="SSzlvU10OqsxcI2YmZn/S1bN9nI="></latexit><latexit sha1_base64="SSzlvU10OqsxcI2YmZn/S1bN9nI="></latexit><latexit sha1_base64="SSzlvU10OqsxcI2YmZn/S1bN9nI="></latexit>

dvi

dt
= ai = �G

NX

j 6=i

mj
ri � rj

|ri � rj |3
<latexit sha1_base64="cPj7flHfbsmCvPbQ7QyHi2Qhj+w="></latexit><latexit sha1_base64="cPj7flHfbsmCvPbQ7QyHi2Qhj+w="></latexit><latexit sha1_base64="cPj7flHfbsmCvPbQ7QyHi2Qhj+w="></latexit><latexit sha1_base64="cPj7flHfbsmCvPbQ7QyHi2Qhj+w="></latexit>

ri(t0),vi(t0)
<latexit sha1_base64="+WJgbsPMCuaoND8YTUoVFxPExcU=">AAACDXicbZDLSsNAFIZP6q3WW9Slm8EqVJCSiKALFwU3LivYC7QhTKaTdujkwsykUEJfwI2v4saFIm7du/NtnLQpaOsPAz/fOYc55/dizqSyrG+jsLK6tr5R3Cxtbe/s7pn7B00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8oa3Wb01okKyKHxQ45g6Ae6HzGcEK41c86QbYDXw/FRMXFZRrnV2juZoNEeuWbaq1lRo2di5KUOuumt+dXsRSQIaKsKxlB3bipWTYqEY4XRS6iaSxpgMcZ92tA1xQKWTTq+ZoFNNesiPhH6hQlP6eyLFgZTjwNOd2aJysZbB/2qdRPnXTsrCOFE0JLOP/IQjFaEsGtRjghLFx9pgIpjeFZEBFpgoHWBJh2AvnrxsmhdV26ra95fl2k0eRxGO4BgqYMMV1OAO6tAAAo/wDK/wZjwZL8a78TFrLRj5zCH8kfH5A01jmwU=</latexit><latexit sha1_base64="+WJgbsPMCuaoND8YTUoVFxPExcU=">AAACDXicbZDLSsNAFIZP6q3WW9Slm8EqVJCSiKALFwU3LivYC7QhTKaTdujkwsykUEJfwI2v4saFIm7du/NtnLQpaOsPAz/fOYc55/dizqSyrG+jsLK6tr5R3Cxtbe/s7pn7B00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8oa3Wb01okKyKHxQ45g6Ae6HzGcEK41c86QbYDXw/FRMXFZRrnV2juZoNEeuWbaq1lRo2di5KUOuumt+dXsRSQIaKsKxlB3bipWTYqEY4XRS6iaSxpgMcZ92tA1xQKWTTq+ZoFNNesiPhH6hQlP6eyLFgZTjwNOd2aJysZbB/2qdRPnXTsrCOFE0JLOP/IQjFaEsGtRjghLFx9pgIpjeFZEBFpgoHWBJh2AvnrxsmhdV26ra95fl2k0eRxGO4BgqYMMV1OAO6tAAAo/wDK/wZjwZL8a78TFrLRj5zCH8kfH5A01jmwU=</latexit><latexit sha1_base64="+WJgbsPMCuaoND8YTUoVFxPExcU=">AAACDXicbZDLSsNAFIZP6q3WW9Slm8EqVJCSiKALFwU3LivYC7QhTKaTdujkwsykUEJfwI2v4saFIm7du/NtnLQpaOsPAz/fOYc55/dizqSyrG+jsLK6tr5R3Cxtbe/s7pn7B00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8oa3Wb01okKyKHxQ45g6Ae6HzGcEK41c86QbYDXw/FRMXFZRrnV2juZoNEeuWbaq1lRo2di5KUOuumt+dXsRSQIaKsKxlB3bipWTYqEY4XRS6iaSxpgMcZ92tA1xQKWTTq+ZoFNNesiPhH6hQlP6eyLFgZTjwNOd2aJysZbB/2qdRPnXTsrCOFE0JLOP/IQjFaEsGtRjghLFx9pgIpjeFZEBFpgoHWBJh2AvnrxsmhdV26ra95fl2k0eRxGO4BgqYMMV1OAO6tAAAo/wDK/wZjwZL8a78TFrLRj5zCH8kfH5A01jmwU=</latexit><latexit sha1_base64="+WJgbsPMCuaoND8YTUoVFxPExcU=">AAACDXicbZDLSsNAFIZP6q3WW9Slm8EqVJCSiKALFwU3LivYC7QhTKaTdujkwsykUEJfwI2v4saFIm7du/NtnLQpaOsPAz/fOYc55/dizqSyrG+jsLK6tr5R3Cxtbe/s7pn7B00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8oa3Wb01okKyKHxQ45g6Ae6HzGcEK41c86QbYDXw/FRMXFZRrnV2juZoNEeuWbaq1lRo2di5KUOuumt+dXsRSQIaKsKxlB3bipWTYqEY4XRS6iaSxpgMcZ92tA1xQKWTTq+ZoFNNesiPhH6hQlP6eyLFgZTjwNOd2aJysZbB/2qdRPnXTsrCOFE0JLOP/IQjFaEsGtRjghLFx9pgIpjeFZEBFpgoHWBJh2AvnrxsmhdV26ra95fl2k0eRxGO4BgqYMMV1OAO6tAAAo/wDK/wZjwZL8a78TFrLRj5zCH8kfH5A01jmwU=</latexit>
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Direct N-Body cont’d

N-Body modelling

Direct N-Body

(2) Some comments: (i) Although the conclusion given here provides a way to 
integrate the n-body problem, one does not obtain a useful solution in series 
expansion. The reason for this is because the speed of convergence of the 
resulting solution is terribly slow. One has to sum, for example, an incredible 
number of terms, even for an approximate solution of first order in q, p, t. 
Because we know almost nothing about the complex singular point in the 7- 
plane, it seems hopeless to try to improve the convergence of such a series 
expansion. 
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Direct N-Body cont’d

N-Body modelling

Direct N-Body

Numerical integration of the equations of motion

challenge: high accuracy vs. low computational cost

e.g., simple Euler integrator
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Direct N-Body cont’d

N-Body modelling

Direct N-Body

Numerical integration of the equations of motion

challenge: high accuracy vs. low computational cost

e.g., simple Euler integrator


vi(tn+1) = vi(tn) + ai(tn)�t
<latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit><latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit><latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit><latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit>

ri(tn+1) = ri(tn) + vi(tn)�t
<latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit><latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit><latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit><latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit>

ai = �G
NX

j 6=i

mj
ri � rj

|ri � rj |3
<latexit sha1_base64="/gZ4zvgD/hkgWwXtzaTHzWct6Ig="></latexit><latexit sha1_base64="/gZ4zvgD/hkgWwXtzaTHzWct6Ig="></latexit><latexit sha1_base64="/gZ4zvgD/hkgWwXtzaTHzWct6Ig="></latexit><latexit sha1_base64="/gZ4zvgD/hkgWwXtzaTHzWct6Ig="></latexit>
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Direct N-Body cont’d

N-Body modelling

Direct N-Body

Numerical integration of the equations of motion

Different types of errors

e.g., simple Euler integrator


vi(tn+1) = vi(tn) + ai(tn)�t
<latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit><latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit><latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit><latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit>

ri(tn+1) = ri(tn) + vi(tn)�t
<latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit><latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit><latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit><latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit>

Earth-Sun system with simple 
Euler: 
using double precision 
simulation time 105 years yields 
10% error in energy
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Direct N-Body cont’d

N-Body modelling

Direct N-Body

Numerical integration of the equations of motion

A vast number of integrators have been developped

one step 
methods:


Euler, Runge-
Kutta,…

multi step 
methods:


Leap-Frog, Adams–
Bashforth, 
Nyström, 

Hermite,…

symplectic 
integrators:

Leap-Frog, 

Wisdom-Holman,

symplectic 

RKs,…

yn+1 = yn +�t�(y, t,�t)
<latexit sha1_base64="GrTB8R8aC3vHZbh7sfIMm1ICzqs=">AAACFHicbVDLSgNBEJyNrxhfqx69DAYhkhB2RdCDQkAPHiOYByRhmZ1MkiGzs8tMr7As+Qgv/ooXD4p49eDNv3HyEDSxoKGo6qa7y48E1+A4X1ZmaXlldS27ntvY3NresXf36jqMFWU1GopQNX2imeCS1YCDYM1IMRL4gjX84dXYb9wzpXko7yCJWCcgfcl7nBIwkmcXEy+VRXeEL3HiSVzE7WsmgGDA7eqAF5ISlH6UY8/OO2VnArxI3BnJoxmqnv3Z7oY0DpgEKojWLdeJoJMSBZwKNsq1Y80iQoekz1qGShIw3UknT43wkVG6uBcqUxLwRP09kZJA6yTwTWdAYKDnvbH4n9eKoXfeSbmMYmCSThf1YoEhxOOEcJcrRkEkhhCquLkV0wFRhILJMWdCcOdfXiT1k7LrlN3b03zlYhZHFh2gQ1RALjpDFXSDqqiGKHpAT+gFvVqP1rP1Zr1PWzPWbGYf/YH18Q2ce5wC</latexit><latexit sha1_base64="GrTB8R8aC3vHZbh7sfIMm1ICzqs=">AAACFHicbVDLSgNBEJyNrxhfqx69DAYhkhB2RdCDQkAPHiOYByRhmZ1MkiGzs8tMr7As+Qgv/ooXD4p49eDNv3HyEDSxoKGo6qa7y48E1+A4X1ZmaXlldS27ntvY3NresXf36jqMFWU1GopQNX2imeCS1YCDYM1IMRL4gjX84dXYb9wzpXko7yCJWCcgfcl7nBIwkmcXEy+VRXeEL3HiSVzE7WsmgGDA7eqAF5ISlH6UY8/OO2VnArxI3BnJoxmqnv3Z7oY0DpgEKojWLdeJoJMSBZwKNsq1Y80iQoekz1qGShIw3UknT43wkVG6uBcqUxLwRP09kZJA6yTwTWdAYKDnvbH4n9eKoXfeSbmMYmCSThf1YoEhxOOEcJcrRkEkhhCquLkV0wFRhILJMWdCcOdfXiT1k7LrlN3b03zlYhZHFh2gQ1RALjpDFXSDqqiGKHpAT+gFvVqP1rP1Zr1PWzPWbGYf/YH18Q2ce5wC</latexit><latexit sha1_base64="GrTB8R8aC3vHZbh7sfIMm1ICzqs=">AAACFHicbVDLSgNBEJyNrxhfqx69DAYhkhB2RdCDQkAPHiOYByRhmZ1MkiGzs8tMr7As+Qgv/ooXD4p49eDNv3HyEDSxoKGo6qa7y48E1+A4X1ZmaXlldS27ntvY3NresXf36jqMFWU1GopQNX2imeCS1YCDYM1IMRL4gjX84dXYb9wzpXko7yCJWCcgfcl7nBIwkmcXEy+VRXeEL3HiSVzE7WsmgGDA7eqAF5ISlH6UY8/OO2VnArxI3BnJoxmqnv3Z7oY0DpgEKojWLdeJoJMSBZwKNsq1Y80iQoekz1qGShIw3UknT43wkVG6uBcqUxLwRP09kZJA6yTwTWdAYKDnvbH4n9eKoXfeSbmMYmCSThf1YoEhxOOEcJcrRkEkhhCquLkV0wFRhILJMWdCcOdfXiT1k7LrlN3b03zlYhZHFh2gQ1RALjpDFXSDqqiGKHpAT+gFvVqP1rP1Zr1PWzPWbGYf/YH18Q2ce5wC</latexit><latexit sha1_base64="GrTB8R8aC3vHZbh7sfIMm1ICzqs=">AAACFHicbVDLSgNBEJyNrxhfqx69DAYhkhB2RdCDQkAPHiOYByRhmZ1MkiGzs8tMr7As+Qgv/ooXD4p49eDNv3HyEDSxoKGo6qa7y48E1+A4X1ZmaXlldS27ntvY3NresXf36jqMFWU1GopQNX2imeCS1YCDYM1IMRL4gjX84dXYb9wzpXko7yCJWCcgfcl7nBIwkmcXEy+VRXeEL3HiSVzE7WsmgGDA7eqAF5ISlH6UY8/OO2VnArxI3BnJoxmqnv3Z7oY0DpgEKojWLdeJoJMSBZwKNsq1Y80iQoekz1qGShIw3UknT43wkVG6uBcqUxLwRP09kZJA6yTwTWdAYKDnvbH4n9eKoXfeSbmMYmCSThf1YoEhxOOEcJcrRkEkhhCquLkV0wFRhILJMWdCcOdfXiT1k7LrlN3b03zlYhZHFh2gQ1RALjpDFXSDqqiGKHpAT+gFvVqP1rP1Zr1PWzPWbGYf/YH18Q2ce5wC</latexit>

yn+1 = yn +�t
q�1X

i=0

�if(tn�i, yn�i)
<latexit sha1_base64="tx9j0IMJ5u5maqvnW5qcBHBIj8Y="></latexit><latexit sha1_base64="tx9j0IMJ5u5maqvnW5qcBHBIj8Y="></latexit><latexit sha1_base64="tx9j0IMJ5u5maqvnW5qcBHBIj8Y="></latexit><latexit sha1_base64="tx9j0IMJ5u5maqvnW5qcBHBIj8Y="></latexit>

rn+1 = 2rn � rn�1 + a(rn)�t2
<latexit sha1_base64="ZQ1Qx9kHGQYx4wAtZ7vasH9Aly8="></latexit><latexit sha1_base64="ZQ1Qx9kHGQYx4wAtZ7vasH9Aly8="></latexit><latexit sha1_base64="ZQ1Qx9kHGQYx4wAtZ7vasH9Aly8="></latexit><latexit sha1_base64="ZQ1Qx9kHGQYx4wAtZ7vasH9Aly8="></latexit>

e.g., Leap-Frog for N-Body

Hamiltonian systems


energy conservation
e.g., Euler
vi(tn+1) = vi(tn) + ai(tn)�t

<latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit><latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit><latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit><latexit sha1_base64="RJiJIOo++hNT5sZ0ZCFYYHoZQ7w=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP85PByOV5cBNZdEYFfIOXuCzg4oKRBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D9h7qEQ=</latexit>

ri(tn+1) = ri(tn) + vi(tn)�t
<latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit><latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit><latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit><latexit sha1_base64="e2KpSdW/fE65AZ+mFsL3weKszts=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAILYUyI4IuFAqKuKxgL9CWIZNm2tBMZkjOFMrQN3Ljq3Qjoohb38L0QtHWHwI/3zmHnPN7keAabPvNSq2tb2xupbczO7t7+wfZw6OaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gda9/O6nXB0xpHsonGEasHZCu5D6nBAxys/etgEDP8xM1cnke3EQWnVEB3+AlLgu4uGCDBWvdMQEEg5vN2SV7KrxqnLnJobkqbnbc6oQ0DpgEKojWTceOoJ0QBZwKNsq0Ys0iQvuky5rGShIw3U6m947wmSEd7IfKPAl4Sn9PJCTQehh4pnOysV6uTeB/tWYM/lU74TKKgUk6+8iPBYYQT8LDHa4YBTE0hlDFza6Y9ogiFEzEGROCs3zyqqmdlxy75Dxe5MrX8zjS6ASdojxy0CUqowdUQVVE0TMao3f0Yb1Yr9an9TVrTVnzmWP0R9b3D+wMqFE=</latexit>



Direct N-Body cont’d

N-Body modelling

Special Purpose Hardware

Gravitation is long range interaction

calculation of accelerations is N2 


some ideas to speed up simulations


• special purpose hardware 
GRAvity PipE


last release 200x,

last supercluster 2005:

gravitySimulator, 32 GRAPE

boards, 4 Tflops

128’000 particles

GRAPE-4, 1995, 1.0 Tflops

ri,mi
<latexit sha1_base64="9tiaf+wXwC4BsgLPr2BZBndNtvM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwIWVGBF24KLhxWcE+oC1DJs20oUlmSDJKGfspblwo4tYvceffmGlnoa0HAodz7uWenDDhTBvP+3ZWVtfWNzZLW+Xtnd29fbdy0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/kfvuBKs1ieW8mCe0LPJQsYgQbKwVupSewGYVRpqYBO0MiYIFb9WreDGiZ+AWpQoFG4H71BjFJBZWGcKx11/cS08+wMoxwOi33Uk0TTMZ4SLuWSiyo7mez6FN0YpUBimJlnzRopv7eyLDQeiJCO5kH1YteLv7ndVMTXfUzJpPUUEnmh6KUIxOjvAc0YIoSwyeWYKKYzYrICCtMjG2rbEvwF7+8TFrnNd+r+XcX1fp1UUcJjuAYTsGHS6jDLTSgCQQe4Rle4c15cl6cd+djPrriFDuH8AfO5w8IOpPQ</latexit><latexit sha1_base64="9tiaf+wXwC4BsgLPr2BZBndNtvM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwIWVGBF24KLhxWcE+oC1DJs20oUlmSDJKGfspblwo4tYvceffmGlnoa0HAodz7uWenDDhTBvP+3ZWVtfWNzZLW+Xtnd29fbdy0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/kfvuBKs1ieW8mCe0LPJQsYgQbKwVupSewGYVRpqYBO0MiYIFb9WreDGiZ+AWpQoFG4H71BjFJBZWGcKx11/cS08+wMoxwOi33Uk0TTMZ4SLuWSiyo7mez6FN0YpUBimJlnzRopv7eyLDQeiJCO5kH1YteLv7ndVMTXfUzJpPUUEnmh6KUIxOjvAc0YIoSwyeWYKKYzYrICCtMjG2rbEvwF7+8TFrnNd+r+XcX1fp1UUcJjuAYTsGHS6jDLTSgCQQe4Rle4c15cl6cd+djPrriFDuH8AfO5w8IOpPQ</latexit><latexit sha1_base64="9tiaf+wXwC4BsgLPr2BZBndNtvM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwIWVGBF24KLhxWcE+oC1DJs20oUlmSDJKGfspblwo4tYvceffmGlnoa0HAodz7uWenDDhTBvP+3ZWVtfWNzZLW+Xtnd29fbdy0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/kfvuBKs1ieW8mCe0LPJQsYgQbKwVupSewGYVRpqYBO0MiYIFb9WreDGiZ+AWpQoFG4H71BjFJBZWGcKx11/cS08+wMoxwOi33Uk0TTMZ4SLuWSiyo7mez6FN0YpUBimJlnzRopv7eyLDQeiJCO5kH1YteLv7ndVMTXfUzJpPUUEnmh6KUIxOjvAc0YIoSwyeWYKKYzYrICCtMjG2rbEvwF7+8TFrnNd+r+XcX1fp1UUcJjuAYTsGHS6jDLTSgCQQe4Rle4c15cl6cd+djPrriFDuH8AfO5w8IOpPQ</latexit><latexit sha1_base64="9tiaf+wXwC4BsgLPr2BZBndNtvM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwIWVGBF24KLhxWcE+oC1DJs20oUlmSDJKGfspblwo4tYvceffmGlnoa0HAodz7uWenDDhTBvP+3ZWVtfWNzZLW+Xtnd29fbdy0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/kfvuBKs1ieW8mCe0LPJQsYgQbKwVupSewGYVRpqYBO0MiYIFb9WreDGiZ+AWpQoFG4H71BjFJBZWGcKx11/cS08+wMoxwOi33Uk0TTMZ4SLuWSiyo7mez6FN0YpUBimJlnzRopv7eyLDQeiJCO5kH1YteLv7ndVMTXfUzJpPUUEnmh6KUIxOjvAc0YIoSwyeWYKKYzYrICCtMjG2rbEvwF7+8TFrnNd+r+XcX1fp1UUcJjuAYTsGHS6jDLTSgCQQe4Rle4c15cl6cd+djPrriFDuH8AfO5w8IOpPQ</latexit>

ai
<latexit sha1_base64="LoaE7w3CZ384fevwa7sGnauAT0M=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoAcPBS8eK9haaELZbF/apZtN2N0IJfRvePGgiFf/jDf/jZs2B20dWBhm3uPNTpgKro3rfjuVtfWNza3qdm1nd2//oH541NVJphh2WCIS1QupRsEldgw3AnupQhqHAh/DyW3hPz6h0jyRD2aaYhDTkeQRZ9RYyfdjasZhlNPZgA/qDbfpzkFWiVeSBpRoD+pf/jBhWYzSMEG17ntuaoKcKsOZwFnNzzSmlE3oCPuWShqjDvJ55hk5s8qQRImyTxoyV39v5DTWehqHdrLIqJe9QvzP62cmug5yLtPMoGSLQ1EmiElIUQAZcoXMiKkllClusxI2pooyY2uq2RK85S+vku5F03Ob3v1lo3VT1lGFEziFc/DgClpwB23oAIMUnuEV3pzMeXHenY/FaMUpd47hD5zPH1pRkds=</latexit><latexit sha1_base64="LoaE7w3CZ384fevwa7sGnauAT0M=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoAcPBS8eK9haaELZbF/apZtN2N0IJfRvePGgiFf/jDf/jZs2B20dWBhm3uPNTpgKro3rfjuVtfWNza3qdm1nd2//oH541NVJphh2WCIS1QupRsEldgw3AnupQhqHAh/DyW3hPz6h0jyRD2aaYhDTkeQRZ9RYyfdjasZhlNPZgA/qDbfpzkFWiVeSBpRoD+pf/jBhWYzSMEG17ntuaoKcKsOZwFnNzzSmlE3oCPuWShqjDvJ55hk5s8qQRImyTxoyV39v5DTWehqHdrLIqJe9QvzP62cmug5yLtPMoGSLQ1EmiElIUQAZcoXMiKkllClusxI2pooyY2uq2RK85S+vku5F03Ob3v1lo3VT1lGFEziFc/DgClpwB23oAIMUnuEV3pzMeXHenY/FaMUpd47hD5zPH1pRkds=</latexit><latexit sha1_base64="LoaE7w3CZ384fevwa7sGnauAT0M=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoAcPBS8eK9haaELZbF/apZtN2N0IJfRvePGgiFf/jDf/jZs2B20dWBhm3uPNTpgKro3rfjuVtfWNza3qdm1nd2//oH541NVJphh2WCIS1QupRsEldgw3AnupQhqHAh/DyW3hPz6h0jyRD2aaYhDTkeQRZ9RYyfdjasZhlNPZgA/qDbfpzkFWiVeSBpRoD+pf/jBhWYzSMEG17ntuaoKcKsOZwFnNzzSmlE3oCPuWShqjDvJ55hk5s8qQRImyTxoyV39v5DTWehqHdrLIqJe9QvzP62cmug5yLtPMoGSLQ1EmiElIUQAZcoXMiKkllClusxI2pooyY2uq2RK85S+vku5F03Ob3v1lo3VT1lGFEziFc/DgClpwB23oAIMUnuEV3pzMeXHenY/FaMUpd47hD5zPH1pRkds=</latexit><latexit sha1_base64="LoaE7w3CZ384fevwa7sGnauAT0M=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoAcPBS8eK9haaELZbF/apZtN2N0IJfRvePGgiFf/jDf/jZs2B20dWBhm3uPNTpgKro3rfjuVtfWNza3qdm1nd2//oH541NVJphh2WCIS1QupRsEldgw3AnupQhqHAh/DyW3hPz6h0jyRD2aaYhDTkeQRZ9RYyfdjasZhlNPZgA/qDbfpzkFWiVeSBpRoD+pf/jBhWYzSMEG17ntuaoKcKsOZwFnNzzSmlE3oCPuWShqjDvJ55hk5s8qQRImyTxoyV39v5DTWehqHdrLIqJe9QvzP62cmug5yLtPMoGSLQ1EmiElIUQAZcoXMiKkllClusxI2pooyY2uq2RK85S+vku5F03Ob3v1lo3VT1lGFEziFc/DgClpwB23oAIMUnuEV3pzMeXHenY/FaMUpd47hD5zPH1pRkds=</latexit>
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Approximate N-Body

N-Body modelling

Approximate N-Body

Gravitation is long range interaction

calculation of accelerations is N2 

can we decrease the computations for the cost of lower accuracy?

ai = �G
NX

j 6=i

mj
ri � rj

|ri � rj |3
<latexit sha1_base64="/gZ4zvgD/hkgWwXtzaTHzWct6Ig="></latexit><latexit sha1_base64="/gZ4zvgD/hkgWwXtzaTHzWct6Ig="></latexit><latexit sha1_base64="/gZ4zvgD/hkgWwXtzaTHzWct6Ig="></latexit><latexit sha1_base64="/gZ4zvgD/hkgWwXtzaTHzWct6Ig="></latexit>

Barnes-Hut (1986) · hierarchical tree method

basic idea: reduce the number of terms in sum


How can we achieve this in a physically correct way?

19



Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree

a ⇠ 1

r2
<latexit sha1_base64="2sXnsET4Wd3MSGb5TMA8Dk7voSk=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCp5IUQQ8eCl48VrAf0NSy2W7apZtN2N0IJeTmxb/ixYMiXv0L3vw3btoctPXBwOO9GWbm+TFnSjvOt1VaWV1b3yhvVra2d3b37P2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yXXudx6oVCwSd3oa036IR4IFjGBtpIF9jLwQ67EfpDhDnmIh8gKJSepmqbyvZwO76tScGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/FUjPCaVbxEkVjTCZ4RHuGChxS1U9nf2To1ChDFETSlNBopv6eSHGo1DT0TWd+tFr0cvE/r5fo4LKfMhEnmgoyXxQkHOkI5aGgIZOUaD41BBPJzK2IjLHJQZvoKiYEd/HlZdKu11yn5t6eVxtXRRxlOIITOAMXLqABN9CEFhB4hGd4hTfryXqx3q2PeWvJKmYO4Q+szx+SrJkY</latexit><latexit sha1_base64="2sXnsET4Wd3MSGb5TMA8Dk7voSk=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCp5IUQQ8eCl48VrAf0NSy2W7apZtN2N0IJeTmxb/ixYMiXv0L3vw3btoctPXBwOO9GWbm+TFnSjvOt1VaWV1b3yhvVra2d3b37P2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yXXudx6oVCwSd3oa036IR4IFjGBtpIF9jLwQ67EfpDhDnmIh8gKJSepmqbyvZwO76tScGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/FUjPCaVbxEkVjTCZ4RHuGChxS1U9nf2To1ChDFETSlNBopv6eSHGo1DT0TWd+tFr0cvE/r5fo4LKfMhEnmgoyXxQkHOkI5aGgIZOUaD41BBPJzK2IjLHJQZvoKiYEd/HlZdKu11yn5t6eVxtXRRxlOIITOAMXLqABN9CEFhB4hGd4hTfryXqx3q2PeWvJKmYO4Q+szx+SrJkY</latexit><latexit sha1_base64="2sXnsET4Wd3MSGb5TMA8Dk7voSk=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCp5IUQQ8eCl48VrAf0NSy2W7apZtN2N0IJeTmxb/ixYMiXv0L3vw3btoctPXBwOO9GWbm+TFnSjvOt1VaWV1b3yhvVra2d3b37P2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yXXudx6oVCwSd3oa036IR4IFjGBtpIF9jLwQ67EfpDhDnmIh8gKJSepmqbyvZwO76tScGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/FUjPCaVbxEkVjTCZ4RHuGChxS1U9nf2To1ChDFETSlNBopv6eSHGo1DT0TWd+tFr0cvE/r5fo4LKfMhEnmgoyXxQkHOkI5aGgIZOUaD41BBPJzK2IjLHJQZvoKiYEd/HlZdKu11yn5t6eVxtXRRxlOIITOAMXLqABN9CEFhB4hGd4hTfryXqx3q2PeWvJKmYO4Q+szx+SrJkY</latexit><latexit sha1_base64="2sXnsET4Wd3MSGb5TMA8Dk7voSk=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCp5IUQQ8eCl48VrAf0NSy2W7apZtN2N0IJeTmxb/ixYMiXv0L3vw3btoctPXBwOO9GWbm+TFnSjvOt1VaWV1b3yhvVra2d3b37P2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yXXudx6oVCwSd3oa036IR4IFjGBtpIF9jLwQ67EfpDhDnmIh8gKJSepmqbyvZwO76tScGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/FUjPCaVbxEkVjTCZ4RHuGChxS1U9nf2To1ChDFETSlNBopv6eSHGo1DT0TWd+tFr0cvE/r5fo4LKfMhEnmgoyXxQkHOkI5aGgIZOUaD41BBPJzK2IjLHJQZvoKiYEd/HlZdKu11yn5t6eVxtXRRxlOIITOAMXLqABN9CEFhB4hGd4hTfryXqx3q2PeWvJKmYO4Q+szx+SrJkY</latexit>
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree

a ⇠ 1

r2
<latexit sha1_base64="2sXnsET4Wd3MSGb5TMA8Dk7voSk=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCp5IUQQ8eCl48VrAf0NSy2W7apZtN2N0IJeTmxb/ixYMiXv0L3vw3btoctPXBwOO9GWbm+TFnSjvOt1VaWV1b3yhvVra2d3b37P2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yXXudx6oVCwSd3oa036IR4IFjGBtpIF9jLwQ67EfpDhDnmIh8gKJSepmqbyvZwO76tScGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/FUjPCaVbxEkVjTCZ4RHuGChxS1U9nf2To1ChDFETSlNBopv6eSHGo1DT0TWd+tFr0cvE/r5fo4LKfMhEnmgoyXxQkHOkI5aGgIZOUaD41BBPJzK2IjLHJQZvoKiYEd/HlZdKu11yn5t6eVxtXRRxlOIITOAMXLqABN9CEFhB4hGd4hTfryXqx3q2PeWvJKmYO4Q+szx+SrJkY</latexit><latexit sha1_base64="2sXnsET4Wd3MSGb5TMA8Dk7voSk=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCp5IUQQ8eCl48VrAf0NSy2W7apZtN2N0IJeTmxb/ixYMiXv0L3vw3btoctPXBwOO9GWbm+TFnSjvOt1VaWV1b3yhvVra2d3b37P2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yXXudx6oVCwSd3oa036IR4IFjGBtpIF9jLwQ67EfpDhDnmIh8gKJSepmqbyvZwO76tScGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/FUjPCaVbxEkVjTCZ4RHuGChxS1U9nf2To1ChDFETSlNBopv6eSHGo1DT0TWd+tFr0cvE/r5fo4LKfMhEnmgoyXxQkHOkI5aGgIZOUaD41BBPJzK2IjLHJQZvoKiYEd/HlZdKu11yn5t6eVxtXRRxlOIITOAMXLqABN9CEFhB4hGd4hTfryXqx3q2PeWvJKmYO4Q+szx+SrJkY</latexit><latexit sha1_base64="2sXnsET4Wd3MSGb5TMA8Dk7voSk=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCp5IUQQ8eCl48VrAf0NSy2W7apZtN2N0IJeTmxb/ixYMiXv0L3vw3btoctPXBwOO9GWbm+TFnSjvOt1VaWV1b3yhvVra2d3b37P2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yXXudx6oVCwSd3oa036IR4IFjGBtpIF9jLwQ67EfpDhDnmIh8gKJSepmqbyvZwO76tScGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/FUjPCaVbxEkVjTCZ4RHuGChxS1U9nf2To1ChDFETSlNBopv6eSHGo1DT0TWd+tFr0cvE/r5fo4LKfMhEnmgoyXxQkHOkI5aGgIZOUaD41BBPJzK2IjLHJQZvoKiYEd/HlZdKu11yn5t6eVxtXRRxlOIITOAMXLqABN9CEFhB4hGd4hTfryXqx3q2PeWvJKmYO4Q+szx+SrJkY</latexit><latexit sha1_base64="2sXnsET4Wd3MSGb5TMA8Dk7voSk=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCp5IUQQ8eCl48VrAf0NSy2W7apZtN2N0IJeTmxb/ixYMiXv0L3vw3btoctPXBwOO9GWbm+TFnSjvOt1VaWV1b3yhvVra2d3b37P2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yXXudx6oVCwSd3oa036IR4IFjGBtpIF9jLwQ67EfpDhDnmIh8gKJSepmqbyvZwO76tScGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/FUjPCaVbxEkVjTCZ4RHuGChxS1U9nf2To1ChDFETSlNBopv6eSHGo1DT0TWd+tFr0cvE/r5fo4LKfMhEnmgoyXxQkHOkI5aGgIZOUaD41BBPJzK2IjLHJQZvoKiYEd/HlZdKu11yn5t6eVxtXRRxlOIITOAMXLqABN9CEFhB4hGd4hTfryXqx3q2PeWvJKmYO4Q+szx+SrJkY</latexit>
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree

calculate

center of 
mass and 
mass of 
blue region

M =
X

k

mk

<latexit sha1_base64="Ly+SAo3YAzOEaPxCzGe1DHGXddc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9KAQ8OJFiGAekKxhdjKbDJmZXeahhCX/4cWDIl79F2/+jZNkD5pY0FBUddPdFaWcaeP7397S8srq2npho7i5tb2zW9rbb+jEKkLrJOGJakVYU84krRtmOG2limIRcdqMhtcTv/lIlWaJvDejlIYC9yWLGcHGSQ+36Ap1tBXdIXLVLZX9ij8FWiRBTsqQo9YtfXV6CbGCSkM41rod+KkJM6wMI5yOix2raYrJEPdp21GJBdVhNr16jI6d0kNxolxJg6bq74kMC61HInKdApuBnvcm4n9e25r4IsyYTK2hkswWxZYjk6BJBKjHFCWGjxzBRDF3KyIDrDAxLqiiCyGYf3mRNE4rgV8J7s7K1cs8jgIcwhGcQADnUIUbqEEdCCh4hld48568F+/d+5i1Lnn5zAH8gff5AyavkZw=</latexit><latexit sha1_base64="Ly+SAo3YAzOEaPxCzGe1DHGXddc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9KAQ8OJFiGAekKxhdjKbDJmZXeahhCX/4cWDIl79F2/+jZNkD5pY0FBUddPdFaWcaeP7397S8srq2npho7i5tb2zW9rbb+jEKkLrJOGJakVYU84krRtmOG2limIRcdqMhtcTv/lIlWaJvDejlIYC9yWLGcHGSQ+36Ap1tBXdIXLVLZX9ij8FWiRBTsqQo9YtfXV6CbGCSkM41rod+KkJM6wMI5yOix2raYrJEPdp21GJBdVhNr16jI6d0kNxolxJg6bq74kMC61HInKdApuBnvcm4n9e25r4IsyYTK2hkswWxZYjk6BJBKjHFCWGjxzBRDF3KyIDrDAxLqiiCyGYf3mRNE4rgV8J7s7K1cs8jgIcwhGcQADnUIUbqEEdCCh4hld48568F+/d+5i1Lnn5zAH8gff5AyavkZw=</latexit><latexit sha1_base64="Ly+SAo3YAzOEaPxCzGe1DHGXddc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9KAQ8OJFiGAekKxhdjKbDJmZXeahhCX/4cWDIl79F2/+jZNkD5pY0FBUddPdFaWcaeP7397S8srq2npho7i5tb2zW9rbb+jEKkLrJOGJakVYU84krRtmOG2limIRcdqMhtcTv/lIlWaJvDejlIYC9yWLGcHGSQ+36Ap1tBXdIXLVLZX9ij8FWiRBTsqQo9YtfXV6CbGCSkM41rod+KkJM6wMI5yOix2raYrJEPdp21GJBdVhNr16jI6d0kNxolxJg6bq74kMC61HInKdApuBnvcm4n9e25r4IsyYTK2hkswWxZYjk6BJBKjHFCWGjxzBRDF3KyIDrDAxLqiiCyGYf3mRNE4rgV8J7s7K1cs8jgIcwhGcQADnUIUbqEEdCCh4hld48568F+/d+5i1Lnn5zAH8gff5AyavkZw=</latexit><latexit sha1_base64="Ly+SAo3YAzOEaPxCzGe1DHGXddc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9KAQ8OJFiGAekKxhdjKbDJmZXeahhCX/4cWDIl79F2/+jZNkD5pY0FBUddPdFaWcaeP7397S8srq2npho7i5tb2zW9rbb+jEKkLrJOGJakVYU84krRtmOG2limIRcdqMhtcTv/lIlWaJvDejlIYC9yWLGcHGSQ+36Ap1tBXdIXLVLZX9ij8FWiRBTsqQo9YtfXV6CbGCSkM41rod+KkJM6wMI5yOix2raYrJEPdp21GJBdVhNr16jI6d0kNxolxJg6bq74kMC61HInKdApuBnvcm4n9e25r4IsyYTK2hkswWxZYjk6BJBKjHFCWGjxzBRDF3KyIDrDAxLqiiCyGYf3mRNE4rgV8J7s7K1cs8jgIcwhGcQADnUIUbqEEdCCh4hld48568F+/d+5i1Lnn5zAH8gff5AyavkZw=</latexit>

rcom =
1

M

X

k

mkrk
<latexit sha1_base64="9+sEYvCl6lApHh6cfvhl66g9A+c=">AAACKHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdKFYcONGqGAf0JQwmU7aoTNJmJkIZcjnuPFX3Igo0q1f4iTNolYPXDiccy/33hMkjErlODOrsrK6tr5R3axtbe/s7tn7Bx0ZpwKTNo5ZLHoBkoTRiLQVVYz0EkEQDxjpBpPb3O8+ESFpHD2qaUIGHI0iGlKMlJF8+8bjSI2DUIvM1wUXXOOYZxm8hl4oENZupu8z6MmU+xOY18 LIxLfrTsMpAP8StyR1UKLl2+/eMMYpJ5HCDEnZd51EDTQSimJGspqXSpIgPEEj0jc0QpzIgS4ezeCJUYYwjIWpSMFCXZzQiEs55YHpzG+Uy14u/uf1UxVeDjSNklSRCM8XhSmDKoZ5anBIBcGKTQ1BWFBzK8RjZNJRJtuaCcFdfvkv6Zw1XKfhPpzXm1dlHFVwBI7BKXDBBWiCO9ACbYDBM3gFH+DTerHerC9rNm+tWOXMIfgF6/sHCKenvQ==</latexit><latexit sha1_base64="9+sEYvCl6lApHh6cfvhl66g9A+c=">AAACKHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdKFYcONGqGAf0JQwmU7aoTNJmJkIZcjnuPFX3Igo0q1f4iTNolYPXDiccy/33hMkjErlODOrsrK6tr5R3axtbe/s7tn7Bx0ZpwKTNo5ZLHoBkoTRiLQVVYz0EkEQDxjpBpPb3O8+ESFpHD2qaUIGHI0iGlKMlJF8+8bjSI2DUIvM1wUXXOOYZxm8hl4oENZupu8z6MmU+xOY18 LIxLfrTsMpAP8StyR1UKLl2+/eMMYpJ5HCDEnZd51EDTQSimJGspqXSpIgPEEj0jc0QpzIgS4ezeCJUYYwjIWpSMFCXZzQiEs55YHpzG+Uy14u/uf1UxVeDjSNklSRCM8XhSmDKoZ5anBIBcGKTQ1BWFBzK8RjZNJRJtuaCcFdfvkv6Zw1XKfhPpzXm1dlHFVwBI7BKXDBBWiCO9ACbYDBM3gFH+DTerHerC9rNm+tWOXMIfgF6/sHCKenvQ==</latexit><latexit sha1_base64="9+sEYvCl6lApHh6cfvhl66g9A+c=">AAACKHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdKFYcONGqGAf0JQwmU7aoTNJmJkIZcjnuPFX3Igo0q1f4iTNolYPXDiccy/33hMkjErlODOrsrK6tr5R3axtbe/s7tn7Bx0ZpwKTNo5ZLHoBkoTRiLQVVYz0EkEQDxjpBpPb3O8+ESFpHD2qaUIGHI0iGlKMlJF8+8bjSI2DUIvM1wUXXOOYZxm8hl4oENZupu8z6MmU+xOY18 LIxLfrTsMpAP8StyR1UKLl2+/eMMYpJ5HCDEnZd51EDTQSimJGspqXSpIgPEEj0jc0QpzIgS4ezeCJUYYwjIWpSMFCXZzQiEs55YHpzG+Uy14u/uf1UxVeDjSNklSRCM8XhSmDKoZ5anBIBcGKTQ1BWFBzK8RjZNJRJtuaCcFdfvkv6Zw1XKfhPpzXm1dlHFVwBI7BKXDBBWiCO9ACbYDBM3gFH+DTerHerC9rNm+tWOXMIfgF6/sHCKenvQ==</latexit><latexit sha1_base64="9+sEYvCl6lApHh6cfvhl66g9A+c=">AAACKHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdKFYcONGqGAf0JQwmU7aoTNJmJkIZcjnuPFX3Igo0q1f4iTNolYPXDiccy/33hMkjErlODOrsrK6tr5R3axtbe/s7tn7Bx0ZpwKTNo5ZLHoBkoTRiLQVVYz0EkEQDxjpBpPb3O8+ESFpHD2qaUIGHI0iGlKMlJF8+8bjSI2DUIvM1wUXXOOYZxm8hl4oENZupu8z6MmU+xOY18 LIxLfrTsMpAP8StyR1UKLl2+/eMMYpJ5HCDEnZd51EDTQSimJGspqXSpIgPEEj0jc0QpzIgS4ezeCJUYYwjIWpSMFCXZzQiEs55YHpzG+Uy14u/uf1UxVeDjSNklSRCM8XhSmDKoZ5anBIBcGKTQ1BWFBzK8RjZNJRJtuaCcFdfvkv6Zw1XKfhPpzXm1dlHFVwBI7BKXDBBWiCO9ACbYDBM3gFH+DTerHerC9rNm+tWOXMIfgF6/sHCKenvQ==</latexit>
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree

• sort bodies into a hierarchical structure


• add condition for approximation of long range vs. short range
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree

• sort bodies into a hierarchical structure


• add condition for approximation of long range vs. short range
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree

• sort bodies into a hierarchical structure


• add condition for approximation of long range vs. short range 
theta criterion


d
<latexit sha1_base64="eH5bMh6Ybga0z6eYvPX2emaBobc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIevBQ8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZF6SCa+O6387a+sbm1nZpp7y7t39wWDk6buskUwxbLBGJ6gZUo+ASW4Ybgd1UIY0DgZ1gfDfzO0+oNE/kg5mk6Md0KHnEGTVWaoaDStWtuXOQVeIVpAoFGoPKVz9MWBajNExQrXuemxo/p8pwJnBa7mcaU8rGdIg9SyWNUfv5/NApObdKSKJE2ZKGzNXfEzmNtZ7Ege2MqRnpZW8m/uf1MhPd+DmXaWZQssWiKBPEJGT2NQm5QmbExBLKFLe3EjaiijJjsynbELzll1dJ+7LmuTWveVWt3xZxlOAUzuACPLiGOtxDA1rAAOEZXuHNeXRenHfnY9G65hQzJ/AHzucPxhuM4g==</latexit><latexit sha1_base64="eH5bMh6Ybga0z6eYvPX2emaBobc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIevBQ8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZF6SCa+O6387a+sbm1nZpp7y7t39wWDk6buskUwxbLBGJ6gZUo+ASW4Ybgd1UIY0DgZ1gfDfzO0+oNE/kg5mk6Md0KHnEGTVWaoaDStWtuXOQVeIVpAoFGoPKVz9MWBajNExQrXuemxo/p8pwJnBa7mcaU8rGdIg9SyWNUfv5/NApObdKSKJE2ZKGzNXfEzmNtZ7Ege2MqRnpZW8m/uf1MhPd+DmXaWZQssWiKBPEJGT2NQm5QmbExBLKFLe3EjaiijJjsynbELzll1dJ+7LmuTWveVWt3xZxlOAUzuACPLiGOtxDA1rAAOEZXuHNeXRenHfnY9G65hQzJ/AHzucPxhuM4g==</latexit><latexit sha1_base64="eH5bMh6Ybga0z6eYvPX2emaBobc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIevBQ8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZF6SCa+O6387a+sbm1nZpp7y7t39wWDk6buskUwxbLBGJ6gZUo+ASW4Ybgd1UIY0DgZ1gfDfzO0+oNE/kg5mk6Md0KHnEGTVWaoaDStWtuXOQVeIVpAoFGoPKVz9MWBajNExQrXuemxo/p8pwJnBa7mcaU8rGdIg9SyWNUfv5/NApObdKSKJE2ZKGzNXfEzmNtZ7Ege2MqRnpZW8m/uf1MhPd+DmXaWZQssWiKBPEJGT2NQm5QmbExBLKFLe3EjaiijJjsynbELzll1dJ+7LmuTWveVWt3xZxlOAUzuACPLiGOtxDA1rAAOEZXuHNeXRenHfnY9G65hQzJ/AHzucPxhuM4g==</latexit><latexit sha1_base64="eH5bMh6Ybga0z6eYvPX2emaBobc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIevBQ8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZF6SCa+O6387a+sbm1nZpp7y7t39wWDk6buskUwxbLBGJ6gZUo+ASW4Ybgd1UIY0DgZ1gfDfzO0+oNE/kg5mk6Md0KHnEGTVWaoaDStWtuXOQVeIVpAoFGoPKVz9MWBajNExQrXuemxo/p8pwJnBa7mcaU8rGdIg9SyWNUfv5/NApObdKSKJE2ZKGzNXfEzmNtZ7Ege2MqRnpZW8m/uf1MhPd+DmXaWZQssWiKBPEJGT2NQm5QmbExBLKFLe3EjaiijJjsynbELzll1dJ+7LmuTWveVWt3xZxlOAUzuACPLiGOtxDA1rAAOEZXuHNeXRenHfnY9G65hQzJ/AHzucPxhuM4g==</latexit>

r
<latexit sha1_base64="s1AF37zt9wu6UpAHjVfPe22Libk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUlMNyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VPbfqNa8r9ds8jiKcwTlcggc1qMM9NKAFDBCe4RXenEfnxXl3PpatBSefOYU/cD5/ANtTjPA=</latexit><latexit sha1_base64="s1AF37zt9wu6UpAHjVfPe22Libk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUlMNyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VPbfqNa8r9ds8jiKcwTlcggc1qMM9NKAFDBCe4RXenEfnxXl3PpatBSefOYU/cD5/ANtTjPA=</latexit><latexit sha1_base64="s1AF37zt9wu6UpAHjVfPe22Libk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUlMNyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VPbfqNa8r9ds8jiKcwTlcggc1qMM9NKAFDBCe4RXenEfnxXl3PpatBSefOYU/cD5/ANtTjPA=</latexit><latexit sha1_base64="s1AF37zt9wu6UpAHjVfPe22Libk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUlMNyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VPbfqNa8r9ds8jiKcwTlcggc1qMM9NKAFDBCe4RXenEfnxXl3PpatBSefOYU/cD5/ANtTjPA=</latexit>

# =
d

r
<latexit sha1_base64="MLu8Mqy/6/GMLJonJH5f0wucoVE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEBF0oFNy4rGAf0IQymUzaoZNJmLkplJCNv+LGhSJu/Qx3/o3TNgttPXDhcM69M/eeIBVcg+N8Wyura+sbm5Wt6vbO7t6+fXDY1kmmKGvRRCSqGxDNBJesBRwE66aKkTgQrBOM7qZ+Z8yU5ol8hEnK/JgMJI84JWCkvn3sjYmCIQOCb7EXKULzsMhV0bdrTt2ZAS8TtyQ1VKLZt7+8MKFZzCRQQbTuuU4Kfm4e51SwouplmqWEjsiA9QyVJGbaz2cHFPjMKCGOEmVKAp6pvydyEms9iQPTGRMY6kVvKv7n9TKIrv2cyzQDJun8oygTGBI8TQOHXDEKYmIIoYqbXTEdEpMCmMyqJgR38eRl0r6ou07dfbisNW7KOCroBJ2ic+SiK9RA96iJWoiiAj2jV/RmPVkv1rv1MW9dscqZI/QH1ucPyfiWgQ==</latexit><latexit sha1_base64="MLu8Mqy/6/GMLJonJH5f0wucoVE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEBF0oFNy4rGAf0IQymUzaoZNJmLkplJCNv+LGhSJu/Qx3/o3TNgttPXDhcM69M/eeIBVcg+N8Wyura+sbm5Wt6vbO7t6+fXDY1kmmKGvRRCSqGxDNBJesBRwE66aKkTgQrBOM7qZ+Z8yU5ol8hEnK/JgMJI84JWCkvn3sjYmCIQOCb7EXKULzsMhV0bdrTt2ZAS8TtyQ1VKLZt7+8MKFZzCRQQbTuuU4Kfm4e51SwouplmqWEjsiA9QyVJGbaz2cHFPjMKCGOEmVKAp6pvydyEms9iQPTGRMY6kVvKv7n9TKIrv2cyzQDJun8oygTGBI8TQOHXDEKYmIIoYqbXTEdEpMCmMyqJgR38eRl0r6ou07dfbisNW7KOCroBJ2ic+SiK9RA96iJWoiiAj2jV/RmPVkv1rv1MW9dscqZI/QH1ucPyfiWgQ==</latexit><latexit sha1_base64="MLu8Mqy/6/GMLJonJH5f0wucoVE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEBF0oFNy4rGAf0IQymUzaoZNJmLkplJCNv+LGhSJu/Qx3/o3TNgttPXDhcM69M/eeIBVcg+N8Wyura+sbm5Wt6vbO7t6+fXDY1kmmKGvRRCSqGxDNBJesBRwE66aKkTgQrBOM7qZ+Z8yU5ol8hEnK/JgMJI84JWCkvn3sjYmCIQOCb7EXKULzsMhV0bdrTt2ZAS8TtyQ1VKLZt7+8MKFZzCRQQbTuuU4Kfm4e51SwouplmqWEjsiA9QyVJGbaz2cHFPjMKCGOEmVKAp6pvydyEms9iQPTGRMY6kVvKv7n9TKIrv2cyzQDJun8oygTGBI8TQOHXDEKYmIIoYqbXTEdEpMCmMyqJgR38eRl0r6ou07dfbisNW7KOCroBJ2ic+SiK9RA96iJWoiiAj2jV/RmPVkv1rv1MW9dscqZI/QH1ucPyfiWgQ==</latexit><latexit sha1_base64="MLu8Mqy/6/GMLJonJH5f0wucoVE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEBF0oFNy4rGAf0IQymUzaoZNJmLkplJCNv+LGhSJu/Qx3/o3TNgttPXDhcM69M/eeIBVcg+N8Wyura+sbm5Wt6vbO7t6+fXDY1kmmKGvRRCSqGxDNBJesBRwE66aKkTgQrBOM7qZ+Z8yU5ol8hEnK/JgMJI84JWCkvn3sjYmCIQOCb7EXKULzsMhV0bdrTt2ZAS8TtyQ1VKLZt7+8MKFZzCRQQbTuuU4Kfm4e51SwouplmqWEjsiA9QyVJGbaz2cHFPjMKCGOEmVKAp6pvydyEms9iQPTGRMY6kVvKv7n9TKIrv2cyzQDJun8oygTGBI8TQOHXDEKYmIIoYqbXTEdEpMCmMyqJgR38eRl0r6ou07dfbisNW7KOCroBJ2ic+SiK9RA96iJWoiiAj2jV/RmPVkv1rv1MW9dscqZI/QH1ucPyfiWgQ==</latexit>

Theta-
criterion

# < 0.5
<latexit sha1_base64="SsP0g6trwUNoFOZI+FrXW3xz0EQ=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKuKHrIIeDFYwTzgGQJs5PeZMjsg5neQFzyJV48KOLVT/Hm3zhJ9qCJBQ1FVfdMd/mJFBod59sqbGxube8Ud0t7+weHZfvouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++G7utyegtIijR5wm4IVsGIlAcIZG6tvl3oQpHAEyWqNO9bpvV5yqswBdJ25OKiRHo29/9QYxT0OIkEumddd1EvQy86jgEmalXqohYXzMhtA1NGIhaC9bLD6j50YZ0CBWpiKkC/X3RMZCraehbzpDhiO96s3F/7xuisGtl4koSREivvwoSCXFmM5ToAOhgKOcGsK4EmZXykdMMY4mq5IJwV09eZ20LquuU3Ufrir1Wh5HkZySM3JBXHJD6uSeNEiTcJKSZ/JK3qwn68V6tz6WrQUrnzkhf2B9/gAV7JIF</latexit><latexit sha1_base64="SsP0g6trwUNoFOZI+FrXW3xz0EQ=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKuKHrIIeDFYwTzgGQJs5PeZMjsg5neQFzyJV48KOLVT/Hm3zhJ9qCJBQ1FVfdMd/mJFBod59sqbGxube8Ud0t7+weHZfvouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++G7utyegtIijR5wm4IVsGIlAcIZG6tvl3oQpHAEyWqNO9bpvV5yqswBdJ25OKiRHo29/9QYxT0OIkEumddd1EvQy86jgEmalXqohYXzMhtA1NGIhaC9bLD6j50YZ0CBWpiKkC/X3RMZCraehbzpDhiO96s3F/7xuisGtl4koSREivvwoSCXFmM5ToAOhgKOcGsK4EmZXykdMMY4mq5IJwV09eZ20LquuU3Ufrir1Wh5HkZySM3JBXHJD6uSeNEiTcJKSZ/JK3qwn68V6tz6WrQUrnzkhf2B9/gAV7JIF</latexit><latexit sha1_base64="SsP0g6trwUNoFOZI+FrXW3xz0EQ=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKuKHrIIeDFYwTzgGQJs5PeZMjsg5neQFzyJV48KOLVT/Hm3zhJ9qCJBQ1FVfdMd/mJFBod59sqbGxube8Ud0t7+weHZfvouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++G7utyegtIijR5wm4IVsGIlAcIZG6tvl3oQpHAEyWqNO9bpvV5yqswBdJ25OKiRHo29/9QYxT0OIkEumddd1EvQy86jgEmalXqohYXzMhtA1NGIhaC9bLD6j50YZ0CBWpiKkC/X3RMZCraehbzpDhiO96s3F/7xuisGtl4koSREivvwoSCXFmM5ToAOhgKOcGsK4EmZXykdMMY4mq5IJwV09eZ20LquuU3Ufrir1Wh5HkZySM3JBXHJD6uSeNEiTcJKSZ/JK3qwn68V6tz6WrQUrnzkhf2B9/gAV7JIF</latexit><latexit sha1_base64="SsP0g6trwUNoFOZI+FrXW3xz0EQ=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKuKHrIIeDFYwTzgGQJs5PeZMjsg5neQFzyJV48KOLVT/Hm3zhJ9qCJBQ1FVfdMd/mJFBod59sqbGxube8Ud0t7+weHZfvouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++G7utyegtIijR5wm4IVsGIlAcIZG6tvl3oQpHAEyWqNO9bpvV5yqswBdJ25OKiRHo29/9QYxT0OIkEumddd1EvQy86jgEmalXqohYXzMhtA1NGIhaC9bLD6j50YZ0CBWpiKkC/X3RMZCraehbzpDhiO96s3F/7xuisGtl4koSREivvwoSCXFmM5ToAOhgKOcGsK4EmZXykdMMY4mq5IJwV09eZ20LquuU3Ufrir1Wh5HkZySM3JBXHJD6uSeNEiTcJKSZ/JK3qwn68V6tz6WrQUrnzkhf2B9/gAV7JIF</latexit>

use for 
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree

each node has 2dimension children:  
2D quadtree

3D octree
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree

each node has 2dimension children:  
2D quadtree

3D octree
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree

data overhead compared to direct N-Body


computational cost much lower N log(N) 
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree
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Approximate N-Body - Barnes-Hut Tree

N-Body modelling

Barnes-Hut Tree
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How many particles can we compute?

N-Body modelling

Comparison between schemes

Dehnen & Read 2011

approximate 
N-Body

direct  
N-Body

70 x 109
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N-Body modelling

N-Body Codes and Codes with N-Body modules

Code Author Application Features
MERCURY Chambers et al. 

(2000)
celestial mechanics symplectic, newer 

versions from 
different groups, 
direct N-Body

NBODY Aarseth et al. 
(1985)

star clusters, 
celestial mechanics

various versions, 
GPU version, direct 
N-Body

SyMBA Duncan et al. 
(1998)

celestial mechanics symplectic, direct 
N-Body

GADGET-2.0 Springel et al. 
(2005)

galactic dynamics SPH tree code

AREPO Springel et al. 
(2010)

galactic dynamics moving mesh code

FLASH Flash consortium galactic dynamics,

accretion discs, 
star formation

different solvers for 
gravity: multigrid, 
tree, …

REBOUND Rein et al. (2012) celestial mechanics 😍

Some N-Body codes you may know

and many more…34



REBOUND    

open source multi-purpose N-body code for collisional dynamics

written by Hanno Rein (University of Toronto at Scarborough)


• features

‣ C (iso C99 standard) programming language

‣ python frontend

‣ modular, use it as an external library

‣ OpenMP and MPI (only tree) parallelized

‣ various integrators

‣ active particles and tracer particles

‣ Support for collisional/granular dynamics, various collision 

detection routines

• very good documentation   

 https://rebound.readthedocs.io/en/latest 
• soon(ish): GPU support

N-Body modelling

REBOUND

35

https://rebound.readthedocs.io/en/latest


REBOUND

• modular, use it as an external library

‣ your nbody simulation is an independent source file which 

includes rebound.h

‣ link your binary to librebound.so

‣ run the code


• basic structure 
#include “rebound.h”

int main(int argc, char* argv[])

{


struct reb_simulation *r = reb_create_simulation();

/* choose integrator */

r->integrator = REB_INTEGRATOR_LEAPFROG;

/* here you would add some bodies to the simulation */

/* start integration */

reb_integrate(r, INFINITY);


}

N-Body modelling

REBOUND

36



REBOUND

• modular, install via pip (pip install rebound)


• basic structure 
import rebound


sim = rebound.Simulation()

sim.integrator = “leapfrog”

# here you would add some bodies to the simulation


# now integrate for 100 time units

sim.integrate(100)


N-Body modelling

REBOUND

37



REBOUND

• different types of particles

‣ active particles and testparticles 

set by reb_simulation.testparticle_type 
Type of the particles with an index>=N_active. 0 means particle does not 
influence any other particle (default), 1 means particles with index < N_active 
feel testparticles. Testparticles never feel each other.

int main(int argc, char* argv[])

{


struct reb_simulation *r = reb_create_simulation();

r->N_active = 2;

(…)

for (int i = 0; i < 1000; i++) {


struct reb_particle testparticle = {0};

testparticle.x = (double) i;

reb_add(r, testparticle);


}

reb_integrate(r, INFINITY);


}

N-Body modelling

REBOUND · particles
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REBOUND

• different types of particles

‣ active particles and testparticles 

set by sim.testparticle_type 
Type of the particles with an index>=N_active. 0 means particle does not 
influence any other particle (default), 1 means particles with index < N_active 
feel testparticles. Testparticles never feel each other.

import rebound

sim = rebound.Simulation()


sim.add(m=1)

sim.add(m=0.5, a=1)

# add 1000 testparticles between 2 and 3

a_ini = np.linspace(2, 3, 1000)

for a in a_ini:

    sim.add(m=planetesimal_mass, a=a, f=np.random.rand()*2.*np.pi) # mass is set to 0 by 
default, random true anomaly

sim.N_active = 2

# sim.testparticle_type = 0 # default value anyways

N-Body modelling

REBOUND · particles
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REBOUND

• each particle can be identified exactly by a particle hash

‣ add and remove particles 

void reb_add(struct reb_simulation *const r, struct 
reb_particle pt) 
int reb_remove(struct reb_simulation *const r, int  
index, int keepSorted) 
int reb_remove_by_hash(struct reb_simulation *const r, 
uint32_t hash, int keepSorted)


‣ identify particles 
struct reb_particle *reb_get_particle_by_hash(struct 
reb_simulation *const r, uint32_t hash)

N-Body modelling

REBOUND · particles
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REBOUND

• each particle can be identified exactly by a particle hash

‣ add and remove particles 

N-Body modelling

REBOUND · particles

41

sim.add(m=1)  # Star, index 0

sim.add(m=1e-3, a=52.0) # Jupiter, index 1

sim.add(m=3e-6, a=1.0) # some earth


# remove by index

sim.remove(1) # removes Jupiter, earth is now index 1


sim.add(m=1e-3, a=5.2, hash=“Jupiter”)

sim.remove(“Jupiter”)


# test particles

for i in range(1,100):

    sim.add(m=0., a=i, hash=i)


• best practice: if you need to track your particles, hash all of them



REBOUND available modules

• integrators

‣ REB_INTEGRATOR_IAS15

‣ REB_INTEGRATOR_WHFAST

‣ REB_INTEGRATOR_JANUS

‣ REB_INTEGRATOR_LEAPFROG

‣ REB_INTEGRATOR_SEI

‣ REB_INTEGRATOR_MERCURIUS

‣ REB_INTEGRATOR_HERMES

N-Body modelling

REBOUND modules · integrators
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REBOUND available modules

• integrators


N-Body modelling

REBOUND modules · integrators

43

import rebound

sim = rebound.Simulation()

sim.integrator = “leapfrog”

sim.dt = 1e-3

#include “rebound.h”

int main(int argc, char* argv[])

{


struct reb_simulation *r = reb_create_simulation();

/* choose integrator */

r->integrator = REB_INTEGRATOR_LEAPFROG;

r->dt = 1e-3;


}



REBOUND available modules

• integrators

‣ REB_INTEGRATOR_IAS15

‣ REB_INTEGRATOR_WHFAST

‣ REB_INTEGRATOR_JANUS

‣ REB_INTEGRATOR_LEAPFROG

‣ REB_INTEGRATOR_SEI

‣ REB_INTEGRATOR_MERCURIUS

‣ REB_INTEGRATOR_HERMES

N-Body modelling

REBOUND modules · integrators

IAS15 stands for Integrator with Adaptive Step-size control, 15th 
order. It is a vey high order, non-symplectic integrator which can 
handle arbitrary (velocity dependent) forces and is in most cases 
accurate down to machine precision, see Rein & Spiegel 2015. 
default
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REBOUND available modules

• integrators

‣ REB_INTEGRATOR_IAS15

‣ REB_INTEGRATOR_WHFAST

‣ REB_INTEGRATOR_JANUS

‣ REB_INTEGRATOR_LEAPFROG

‣ REB_INTEGRATOR_SEI

‣ REB_INTEGRATOR_MERCURIUS

‣ REB_INTEGRATOR_HERMES

N-Body modelling

REBOUND modules · integrators

WHFast is the integrator described in Rein & Tamayo 2015, it’s a 
second order symplectic Wisdom Holman integrator with 11th 
order symplectic correctors. Good for planetary systems without 
collisions.
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REBOUND available modules

• integrators

‣ REB_INTEGRATOR_IAS15

‣ REB_INTEGRATOR_WHFAST

‣ REB_INTEGRATOR_JANUS

‣ REB_INTEGRATOR_LEAPFROG

‣ REB_INTEGRATOR_SEI

‣ REB_INTEGRATOR_MERCURIUS

‣ REB_INTEGRATOR_HERMES

N-Body modelling

REBOUND modules · integrators

Janus is a bit-wise time-reversible high-order symplectic integrator 
using a mix of floating point and integer arithmetic, see Rein & 
Tamayo 2017. JANUS is explicit, formally symplectic and satisfies 
Liouville’s theorem exactly. Its order is even and can be adjusted 
between two and ten. 
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REBOUND available modules

• integrators

‣ REB_INTEGRATOR_IAS15

‣ REB_INTEGRATOR_WHFAST

‣ REB_INTEGRATOR_JANUS

‣ REB_INTEGRATOR_EULER

‣ REB_INTEGRATOR_LEAPFROG

‣ REB_INTEGRATOR_SEI

‣ REB_INTEGRATOR_MERCURIUS

‣ REB_INTEGRATOR_HERMES

N-Body modelling

REBOUND modules · integrators

Rein & Tamayo 201747



REBOUND available modules

• integrators

‣ REB_INTEGRATOR_IAS15

‣ REB_INTEGRATOR_WHFAST

‣ REB_INTEGRATOR_JANUS

‣ REB_INTEGRATOR_LEAPFROG

‣ REB_INTEGRATOR_SEI

‣ REB_INTEGRATOR_MERCURIUS

‣ REB_INTEGRATOR_HERMES

N-Body modelling

REBOUND modules · integrators

Leap frog, second order, symplectic.
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REBOUND available modules

• integrators

‣ REB_INTEGRATOR_IAS15

‣ REB_INTEGRATOR_WHFAST

‣ REB_INTEGRATOR_JANUS

‣ REB_INTEGRATOR_LEAPFROG

‣ REB_INTEGRATOR_SEI

‣ REB_INTEGRATOR_MERCURIUS

‣ REB_INTEGRATOR_HERMES

N-Body modelling

REBOUND modules · integrators

A hybrid integrator very similar to the one found in MERCURY. It 
uses WHFast for long term integrations but switches over 
smoothly to IAS15 for close encounters.
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REBOUND available modules

• Gravity solvers

‣ REB_GRAVITY_COMPENSATED

‣ REB_GRAVITY_NONE

‣ REB_GRAVITY_BASIC

‣ REB_GRAVITY_TREE

N-Body modelling

REBOUND modules · gravity

50

import rebound

sim = rebound.Simulation()

sim.gravity = “basic”


#include “rebound.h”

int main(int argc, char* argv[])

{


struct reb_simulation *r = reb_create_simulation();

r->gravity = REB_GRAVITY_BASIC;


}



REBOUND available modules

• Gravity solvers

‣ REB_GRAVITY_COMPENSATED

‣ REB_GRAVITY_NONE

‣ REB_GRAVITY_BASIC

‣ REB_GRAVITY_TREE

Direct summation with compensated summation, O(N2), default

N-Body modelling

REBOUND modules · gravity

10000X

i=1

1

i2
6=

1X

i=10000

1

i2
<latexit sha1_base64="69II5J+qJZx2Fo1b6sk2g/Mdtek=">AAACLXicbVBLSwMxGMz6rPVV9eglWARPZVMEPSgU9OCxgn1Ad7tk02wbms2uSVYoy/4hL/4VETxUxKt/w7RdxLYOBCYz85F848ecKW3bY2tldW19Y7OwVdze2d3bLx0cNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD28mfuuJSsUi8aBHMXVD3BcsYARrI3mlW0cloZeya5R1U2QbZNAJJCYpylLWrZqboI/wNzVNdNF8xiuV7Yo9BVwmKCdlkKPuld6cXkSSkApNOFaqg+xYuymWmhFOs6KTKBpjMsR92jFU4JAqN51um8FTo/RgEElzhIZT9e9EikOlRqFvkiHWA7XoTcT/vE6ig0s3ZSJONBVk9lCQcKgjOKkO9pikRPORIZhIZv4KyQCbHrQpuGhKQIsrL5NmtYLsCro/L9eu8joK4BicgDOAwAWogTtQBw1AwDN4BWPwYb1Y79an9TWLrlj5zBGYg/X9A0QSpuU=</latexit><latexit sha1_base64="69II5J+qJZx2Fo1b6sk2g/Mdtek=">AAACLXicbVBLSwMxGMz6rPVV9eglWARPZVMEPSgU9OCxgn1Ad7tk02wbms2uSVYoy/4hL/4VETxUxKt/w7RdxLYOBCYz85F848ecKW3bY2tldW19Y7OwVdze2d3bLx0cNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD28mfuuJSsUi8aBHMXVD3BcsYARrI3mlW0cloZeya5R1U2QbZNAJJCYpylLWrZqboI/wNzVNdNF8xiuV7Yo9BVwmKCdlkKPuld6cXkSSkApNOFaqg+xYuymWmhFOs6KTKBpjMsR92jFU4JAqN51um8FTo/RgEElzhIZT9e9EikOlRqFvkiHWA7XoTcT/vE6ig0s3ZSJONBVk9lCQcKgjOKkO9pikRPORIZhIZv4KyQCbHrQpuGhKQIsrL5NmtYLsCro/L9eu8joK4BicgDOAwAWogTtQBw1AwDN4BWPwYb1Y79an9TWLrlj5zBGYg/X9A0QSpuU=</latexit><latexit sha1_base64="69II5J+qJZx2Fo1b6sk2g/Mdtek=">AAACLXicbVBLSwMxGMz6rPVV9eglWARPZVMEPSgU9OCxgn1Ad7tk02wbms2uSVYoy/4hL/4VETxUxKt/w7RdxLYOBCYz85F848ecKW3bY2tldW19Y7OwVdze2d3bLx0cNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD28mfuuJSsUi8aBHMXVD3BcsYARrI3mlW0cloZeya5R1U2QbZNAJJCYpylLWrZqboI/wNzVNdNF8xiuV7Yo9BVwmKCdlkKPuld6cXkSSkApNOFaqg+xYuymWmhFOs6KTKBpjMsR92jFU4JAqN51um8FTo/RgEElzhIZT9e9EikOlRqFvkiHWA7XoTcT/vE6ig0s3ZSJONBVk9lCQcKgjOKkO9pikRPORIZhIZv4KyQCbHrQpuGhKQIsrL5NmtYLsCro/L9eu8joK4BicgDOAwAWogTtQBw1AwDN4BWPwYb1Y79an9TWLrlj5zBGYg/X9A0QSpuU=</latexit><latexit sha1_base64="69II5J+qJZx2Fo1b6sk2g/Mdtek=">AAACLXicbVBLSwMxGMz6rPVV9eglWARPZVMEPSgU9OCxgn1Ad7tk02wbms2uSVYoy/4hL/4VETxUxKt/w7RdxLYOBCYz85F848ecKW3bY2tldW19Y7OwVdze2d3bLx0cNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD28mfuuJSsUi8aBHMXVD3BcsYARrI3mlW0cloZeya5R1U2QbZNAJJCYpylLWrZqboI/wNzVNdNF8xiuV7Yo9BVwmKCdlkKPuld6cXkSSkApNOFaqg+xYuymWmhFOs6KTKBpjMsR92jFU4JAqN51um8FTo/RgEElzhIZT9e9EikOlRqFvkiHWA7XoTcT/vE6ig0s3ZSJONBVk9lCQcKgjOKkO9pikRPORIZhIZv4KyQCbHrQpuGhKQIsrL5NmtYLsCro/L9eu8joK4BicgDOAwAWogTtQBw1AwDN4BWPwYb1Y79an9TWLrlj5zBGYg/X9A0QSpuU=</latexit>

On your computer

1.64483407184806518

1.64483407184805963
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REBOUND available modules

• Gravity solvers

‣ REB_GRAVITY_COMPENSATED

‣ REB_GRAVITY_NONE

‣ REB_GRAVITY_BASIC

‣ REB_GRAVITY_TREE

No self-gravity.

N-Body modelling

REBOUND modules · gravity
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REBOUND available modules

• Gravity solvers

‣ REB_GRAVITY_COMPENSATED

‣ REB_GRAVITY_NONE

‣ REB_GRAVITY_BASIC

‣ REB_GRAVITY_TREE

Direct summation, O(N2).

N-Body modelling

REBOUND modules · gravity
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REBOUND available modules

• Gravity solvers

‣ REB_GRAVITY_COMPENSATED

‣ REB_GRAVITY_NONE

‣ REB_GRAVITY_BASIC

‣ REB_GRAVITY_TREE

Oct tree, Barnes & Hut 1986, O(N log(N).

N-Body modelling

REBOUND modules · gravity
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REBOUND available modules

• Gravity solvers

‣ REB_GRAVITY_COMPENSATED

‣ REB_GRAVITY_NONE

‣ REB_GRAVITY_BASIC

‣ REB_GRAVITY_TREE

N-Body modelling

REBOUND modules · gravity

55

import rebound

sim = rebound.Simulation()

sim.gravity = “basic”


#include “rebound.h”

int main(int argc, char* argv[])

{


struct reb_simulation *r = reb_create_simulation();

r->gravity = REB_GRAVITY_BASIC;


}



REBOUND available modules

• Boundary conditions

‣ REB_BOUNDARY_NONE

‣ REB_BOUNDARY_OPEN

‣ REB_BOUNDARY_PERIODIC

‣ REB_BOUNDARY_SHEAR

N-Body modelling

REBOUND modules · boundary conditions
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REBOUND available modules

• Boundary conditions

‣ REB_BOUNDARY_NONE

‣ REB_BOUNDARY_OPEN

‣ REB_BOUNDARY_PERIODIC

‣ REB_BOUNDARY_SHEAR

Particles are not affected by boundary conditions, default.

N-Body modelling

REBOUND modules · boundary conditions
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REBOUND available modules

• Boundary conditions

‣ REB_BOUNDARY_NONE

‣ REB_BOUNDARY_OPEN

‣ REB_BOUNDARY_PERIODIC

‣ REB_BOUNDARY_SHEAR

Particles are removed from the simulation if they leave the box.

N-Body modelling

REBOUND modules · boundary conditions
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REBOUND available modules

• Boundary conditions

‣ REB_BOUNDARY_NONE

‣ REB_BOUNDARY_OPEN

‣ REB_BOUNDARY_PERIODIC

‣ REB_BOUNDARY_SHEAR

Periodic boundary conditions. Particles are reinserted on the other 
side if they cross the box boundaries.

N-Body modelling

REBOUND modules · boundary conditions
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REBOUND available modules

• Boundary conditions

‣ REB_BOUNDARY_NONE

‣ REB_BOUNDARY_OPEN

‣ REB_BOUNDARY_PERIODIC

‣ REB_BOUNDARY_SHEAR

Shear periodic boundary conditions. Similar to periodic boundary 
conditions, but ghost-boxes are moving with constant speed, set 
by the shear. see example/shearing_sheet.

N-Body modelling

REBOUND modules · boundary conditions
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REBOUND available modules

• Boundary conditions

‣ REB_BOUNDARY_NONE

‣ REB_BOUNDARY_OPEN

‣ REB_BOUNDARY_PERIODIC

‣ REB_BOUNDARY_SHEAR


Choose via r->boundary

int main(int argc, char* argv[])

{


struct reb_simulation *r = reb_create_simulation();

/* choose open boundaries */

r->boundary     = REB_BOUNDARY_OPEN;

/* define a box for the open boundary, one box with edge length 10 */

reb_configure_box(r, 10., 1, 1, 1)

reb_integrate(r, INFINITY);


}

N-Body modelling

REBOUND modules · boundary conditions
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REBOUND available modules

• Boundary conditions

‣ REB_BOUNDARY_NONE

‣ REB_BOUNDARY_OPEN

‣ REB_BOUNDARY_PERIODIC

‣ REB_BOUNDARY_SHEAR


Choose via sim.boundary

import rebound


sim.boundary = “none" # the default

 
sim.configure_box(100.)   # confine the simulation to a box of size 100

sim.boundary = “open”  # simple outflow, particles are removed

N-Body modelling

REBOUND modules · boundary conditions
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REBOUND available modules

N-Body modelling

REBOUND · collisions

• collision detection, assign radius to particles, choose between

‣ REB_COLLISION_NONE

‣ REB_COLLISION_DIRECT

‣ REB_COLLISION_LINE

‣ REB_COLLISION_TREE
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REBOUND available modules

N-Body modelling

REBOUND · collisions

• collision detection

‣ REB_COLLISION_NONE

‣ REB_COLLISION_DIRECT

‣ REB_COLLISION_LINE

‣ REB_COLLISION_TREE


no collisions detection. default.
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REBOUND available modules

N-Body modelling

REBOUND · collisions

• collision detection

‣ REB_COLLISION_NONE

‣ REB_COLLISION_DIRECT

‣ REB_COLLISION_LINE

‣ REB_COLLISION_TREE


brute force collision search, O(N2), checks for instantaneous 
overlaps only.
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REBOUND available modules

N-Body modelling

REBOUND · collisions

• collision detection

‣ REB_COLLISION_NONE

‣ REB_COLLISION_DIRECT

‣ REB_COLLISION_LINE

‣ REB_COLLISION_TREE


brute force collision search, O(N2), checks for overlaps that 
occured during the last timestep assuming particles travelled 
along straight lines.
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REBOUND available modules

N-Body modelling

REBOUND · collisions

• collision detection

‣ REB_COLLISION_NONE

‣ REB_COLLISION_DIRECT

‣ REB_COLLISION_LINE

‣ REB_COLLISION_TREE


uses the Oct tree for particle overlapping, O(N log(N)).
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REBOUND available modules

N-Body modelling

REBOUND · collisions

• collision detection

‣ REB_COLLISION_NONE

‣ REB_COLLISION_DIRECT

‣ REB_COLLISION_LINE

‣ REB_COLLISION_TREE


rebound tracks all collisions and the user can choose between 
different kinds of collisional outcome:


fully elastic

inelastic

merging (conserves mass, momentum and volume)

user-defined function
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REBOUND available modules

N-Body modelling

REBOUND · collisions

• collision detection

‣ REB_COLLISION_NONE

‣ REB_COLLISION_DIRECT

‣ REB_COLLISION_LINE

‣ REB_COLLISION_TREE
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int main(int argc, char* argv[])

{


struct reb_simulation *r = reb_create_simulation();

r->collision = REB_COLLISION_DIRECT;

r->collision_resolve = reb_collision_resolve_merge;

// or use your own function here

// see https://rebound.readthedocs.io/en/latest/c_examples/
closeencounter_record/

// r->collision_resolve = <your_function_pointer_goes_here>;

reb_integrate(r, INFINITY);


}



REBOUND available modules

N-Body modelling

REBOUND · collisions

• collision detection

‣ REB_COLLISION_NONE

‣ REB_COLLISION_DIRECT

‣ REB_COLLISION_LINE

‣ REB_COLLISION_TREE
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import rebound


sim.collision = "direct"

sim.collision_resolve = “merge”

#sim.collision_resolve = <your_function_goes_here> # see exercises…


# you need to add a collision radius to the particles now

sim.add(m=1.)

sim.add(m=1e-3, a=1., r=np.sqrt(1e-3/3.)) 

sim.add(m=5e-3, a=1.25, r=1.25*np.sqrt(5e-3/3.))




REBOUND functions

N-Body modelling

REBOUND · functions

• some useful functions
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REBOUND functions

N-Body modelling

REBOUND · functions

• heartbeat function, set via reb_simulation.heartbeat pointer

‣ is called after each time step

int main(int argc, char* argv[])

{


struct reb_simulation *r = reb_create_simulation();

/* set heartbeat function */

r->heartbeat = heartbeat;

(…)

reb_integrate(r, INFINITY);


}


void heartbeat(struct reb_simulation* r) {

    if (reb_output_check(r, 1000)) { // <- checks for interval of 1000 time units

        fprintf(stdout, “current time is %e\n", r->t);

    }

}
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REBOUND functions

N-Body modelling

REBOUND · functions

• use a simple array in python for the same functionality

import rebound


sim = rebound.Simulation()


simulationtime = 100*2*np.pi

Nsteps = 100

time = np.linspace(0, simulationtime, Nsteps)

x = np.zeros(N)

y = np.zeros(N)

for i, t in enumerate(times):

    print(t/simulationtime, end="\r")

    sim.integrate(t, exact_finish_time=1)
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REBOUND functions

N-Body modelling

REBOUND · functions

• functions for i/o

‣ void reb_output_ascii(struct reb_simulation *r, char 

*filename) 
Append the positions and velocities of all particles to an 
ASCII file.


‣ void reb_output_orbits(struct reb_simulation *r, char 
*filename) 
Append an ASCII file with orbital paramters of all particles.

void heartbeat(struct reb_simulation* r) {

    if (reb_output_check(r, 1000)) { // <- checks for interval of 1000 time units

        reb_output_orbits(r, “cool_orbital_data.txt”);

    }

}
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REBOUND functions

N-Body modelling

REBOUND · functions

• i/o for particles is easier in python using numpy….

75

import rebound


sim = rebound.Simulation()

simulationtime = 100*2*np.pi

Nsteps = 100

time = np.linspace(0, simulationtime, Nsteps)

# (…)  add N particles here….

x = np.zeros(N)

y = np.zeros(N)

for i, t in enumerate(times):

    print(t/simulationtime, end="\r")

    sim.integrate(t, exact_finish_time=1)

    for j, p in enumerate(sim.particles):

        x[j] = p.x

        y[j] = p.y

    np.savetxt("orbit"+ ("%05d" % i) + ".txt", np.transpose([x, y]))



REBOUND functions

N-Body modelling

REBOUND · functions

• but it is also possible to save and load a complete simulation
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import rebound


sim = rebound.Simulation()

simulationtime = 100*2*np.pi

Nsteps = 100

time = np.linspace(0, simulationtime, Nsteps)

# (…)  add N particles here…. and integrate

# save current status

sim.save(“mysim.bin”)

import rebound


# load old simulation

sim = rebound.Simulation(“mysim.bin”)

print(sim.status())



REBOUND functions

N-Body modelling

REBOUND · functions

• many more functions 

‣ calculate energy

‣ calculate angular momentum

‣ convert between coordinate system variables and more 

celestial mechanics related functions

‣ print information about time and timestep

‣ print information about energy

‣ create initial particle distributions, e.g., plummer spheres

‣ …


see the documentation 

   https://rebound.readthedocs.io/en/latest/ 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https://rebound.readthedocs.io/en/latest/


REBOUND adding more physics

N-Body modelling

REBOUND · adding physics

• hook function for additional forces (examples/prdrag.c)
int main(int argc, char* argv[])

{


struct reb_simulation *r = reb_create_simulation()

r->force_is_velocity_dependent    = 1;

r->additional_forces        = radiation_forces;

(…)

reb_integrate(r, INFINITY);


}

void radiation_forces(struct reb_simulation* r){

    struct reb_particle* particles = r->particles;

    const int N = r->N;

    for (int i=0;i<N;i++){

        const struct reb_particle p = particles[i];             // cache

        if (p.m!=0.) continue;                         // only dust particles feel radiation forces

        (…)

        // Equation (5) of Burns, Lamy, Soter (1979), Poynting-Robertson effect

        particles[i].ax += F_r*((1.-rdot/c)*prx/pr - prvx/c);

        particles[i].ay += F_r*((1.-rdot/c)*pry/pr - prvy/c);

        particles[i].az += F_r*((1.-rdot/c)*prz/pr - prvz/c);

    }

}

78



REBOUNDx adds more physics

N-Body modelling

REBOUND · adding physics

• before adding effects, take a look at REBOUNDx
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REBOUNDx adds more physics

N-Body modelling

REBOUND · adding physics

• implemented effects

‣ orbit modifications (e.g., planet migration…)

‣ General Relativity (e.g., first-order post-newtonian effects from 

all bodies in the system)

‣ radiation forces (radiation pressure and Poynting-Robertson 

drag, Yarkovsky effect)

‣ mass modifications (growth, loss)

‣ gravitational harmonics (add azimuthally symmetric 

gravitational harmonics (J2, J4))

‣ (…)
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REBOUNDx adds more physics

N-Body modelling

REBOUND · adding physics

• built for addon module for REBOUND
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import rebound

import reboundx


sim = rebound.Simulation()

# (…) setup your rebound simulation


# activate reboundx for your sim 

rebx = reboundx.Extras(sim)

# load the effect you want, in this case orbital modifications, see examples

mof = rebx.load_force("modify_orbits_forces")

rebx.add_force(mof)

# (…) set some parameters depending on the effect

# integrate

sim.integrate(1000)



REBOUND exercises

N-Body modelling

REBOUND · exercises

http://www.tat.physik.uni-tuebingen.de/~schaefer/rebound_exercises.pdf

👩💻👨💻

• Hands-on exercises part

‣ Two-Body problem

‣ Saturn’s rings stability

‣ Stability of planetary system

‣ Kirkwood gaps

‣ Migrating planet

‣ <your project comes here> ….
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http://www.tat.physik.uni-tuebingen.de/~schaefer/rebound_exercises.pdf
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Thank you.

Contact:


Christoph Schäfer

Computational Physics

Auf der Morgenstelle 10

72076 Tübingen


ch.schaefer@uni-tuebingen.de

www.tat.physik.uni-tuebingen.de/~schaefer


