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Models of the transition layer and lower corona of the sun and stars of type
K11II, G3 IIT and G7 V are computed using an improved shock dissipation theory
and taking into account the detailed energy balance of shock dissipation and con-
duction versus flow energy and radiative losses. In the transition layer very steep
temperature gradients are obtained since conduction has to balance radiative losses.
Comparison with observations yields good agreement.

General conclusions concerning coronal temperatures, temperature gradients,
radiative and mass fluxes of cool stars are presented.

Modelle der Ubergangsschicht und unteren Korona der Sonne und von Sternen
des Typs K1 III, G3 III und G7 V werden berechnet, wobei eine verbesserte Sto83-
dissipationstheorie benutzt wurde, die das detaillierte Energiegleichgewicht von
StoBdissipation, Warmeleitung gegen Sonnenwind- und Abstrahlungsverluste be-
riicksichtigt. In der Ubergangsschicht ergeben sich sehr steile Temperatur-
gradienten, da Warmeleitung die Abstrahlungsverluste ausgleichen mufl. Der Ver-
gleich mit den Beobachtungen gibt gute Ubereinstimmung. Allgemeine Schliisse
beziiglich Koronatemperaturen, Temperaturgradienten, Strahlungs- und Massen-
strome von kithlen Sternen werden angegeben.

I. Introduction

In recent years there have been several attempts to construct a more
detailed model of the outer atmosphere of stars overlying the photo-
sphere (ALLEN, 1965; Birp, 1965; KuPERUS, 1965; Kanno-ToMiNaca,
1964 ; OSTERBROCK, 1961; WEYMANN, 1960). This is done usually with
severe restrictions as to magnetic fields, the detailed shock structure, the
statistical behaviour of the shock production and the uncertainties of the
radiative cooling of gas elements in these regions.

We believe however, that in spite of these restrictions which are due to
the present lack of observations and theoretical investigations, a general
and improved picture of these tenuous regions can be obtained.

The following model seems to be a good working approximation. We
consider the magnetic fields to be directed primarily radial such that the
gas flow is parallel to the magnetic field lines. This is certainly not good in
highly active regions but should not distort the results significantly
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elsewhere. The gas flow is thus uncoupled from the magnetic problem and
no energy is fed into magnetohydrodynamic waves. We have then a
steady, one-dimensional, spherical gas flow governed by the three equa-
tions of continuity, momentum and entropy conservation. The turbulent
convection zone produces a wide band of sound and gravity waves which
propagate on top of the gas flow. As the maximum of the frequency band
of these waves is considerably above the band of no propagation which
separates gravity waves from sound waves, the main contribution will be
sound waves and not gravity waves (WHITAKER, 1963). After some
distance, sound waves develop into shocks. The shock wave is here
treated as a shell-type discontinuity superposed on the steady gas flow
and is governed by the shock equation which describes the behaviour of
the strength of the shock wave in the atmosphere.

In our approach we neglected the detailed shock structure, and the
statistical nature of shock production, reflection and superposition: the
shock structure with its non-equilibrium behaviour is very little under-
stood and the non-statistical approach is warranted in the context of a
general model. It has to be noted that the shock equation is necessary
here and can not be derived from the previous three equations because of
the simplified treatment of the shock structure. The energies dissipated
by the shock, and radiated out by the gas element, are treated as source
and sink terms in the equation of entropy conservation.

Thus the problem can be described by four time-independent equa-
tions of which the equation of continuity can be integrated immediately.
Using the integrated form of the entropy equation, the problem is
further reduced to three ordinary first-order differential equations which
can be integrated with standard numerical methods.

In the regions of the upper photosphere where the shock has not yet
formed we use the models of BoEM-VITENSE, 1958. The amount of
aerodynamical sound produced in the convection zones can be computed
from these models, and thus the height at which the shock forms. It was
necessary to take into account viscosity at least roughly following the
work of ScHIRMER, 1950, as otherwise shocks would form in regions too
dense to be in agreement with observations. This introduces a certain
amount of arbitrariness. More arises from the very incomplete knowledge
of the growth of the profile behind the shock front. The principle of
“shape similarity invariance” (BRINKLEY-KIREKWOOD, 1947), which states
that the general shape of the shock remains constant during propagation
cannot be applied without modification in our strongly varying atmo-
sphere. But this difficulty can be circumvented by postulating complete
shock dissipation. This means that when the shock vanishes, all the
energy which has been put into it at its formation must have reappeared
as dissipated energy.
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The Outer Atmosphere of the Sun and of Cool Stars 195

II. Thermal and radiative properties of the gas

Before we derive the basic hydrodynamic equations we discuss the
thermal and radiative properties of the gas.

1. The thermal properties

The thermal properties are determined by the degree of ionization of
the gas. At low altitudes collisional and radiative ionization are balanced
term by term by collistional and radiative recombination such that local
thermal equilibrium (LTE) exists. At large altitudes, however, the
coronal character of the gas predominates, i.e. collisional ionization is
balanced by radiative recombination. The so-called corona formula
EvwerT, 1952, determines the degree of ionization. In the regions
between these two extreme cases the radiation field is of utmost impor-
tance and a continuous transition exists between the LTE case and the
extreme corona-like case. The ionization in this transition layer depends
strongly on the radiation field which is produced in layers far above and
below the region where the ionization occurs. The ionization is therefore
not dependent on the local properties alone, as in the two extreme cases,
but depends on the detailed structure of the whole region. However, in
our problem the point of shock formation lies in a relatively large altitude
that the corona-like computation of the ionization ratio seems to be a
reasonable approximation.

Using the ten most abundant elements (ALLER, 1963), atomic para-
meters as given by ALLEN, 1964), and the transition rates compiled by
Housg, 1964, the ratio of specific heats 9, the mean molecular weight u
and the enthalpy per gram H can be computed:

a2+ {2 (g + (L) 17) T}

y =2 = 2.1)
‘Q-( +Z )-I-T{Zv,fﬁ‘:;(f 5 T 2%{1 /kT) }

- ”"E (2.2)
-2 é—; 2.4)
;' s V; | (2.5)

wherew;, f;, #;,, y:, are the relative abundance by number, the number of
the stages of ionization, the fraction of the element 7 in the ! ionization
stage, the ionization potential of the 7*" stage of the element s, respectively.
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T is the kinetic temperature, k the Boltzmann constant, my the mass of
the hydrogen atom, and u; the molecular weights.

The partition functions where departures from LTE would come in
have been neglected although a calculation showed that bound state
energies can become important in a nearly coronalike gas. However, it
was found subsequently that this effect did influence the models very
little.

The numerical results are shown in Fig. 1.
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Fig. 1. Ratio of specific heats p, mean molecular weight y and enthalpy H per
gram as function of temperature 7'. H, is the translatory part of the enthalpy only

2. Radiative losses

As the amount and distribution of radiative losses in the transition
zone between upper photosphere and corona is subject to a rather large
margin of error, we consider two cases, a ‘“‘strong’ and a “weak’ case,
and settle for a “medium” case in the actual computations.

a) Temperatures below 7000° K

The region above the photosphere at these temperatures is optically
thin for wave lengths above the Lyman limit, emitting mostly subordinate
H continua and the H™ continuum, while the Lyman and Balmer lines
are optically thick. For this region we treat the hydrogen continua in LTE.

Weak Case. Noting weak metal lines can be approximately accounted
for by multiplying the hydrogen contribution by a factor of 2 (RaJu,
1966) we can estimate the radiation loss using the equilibrium emission
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with the Rosseland mean absorption coefficient:
dme=4xcTL. ‘ (2.6)

The actual values do, of course, not have a contribution of scattering. The
numerical values were computed from tables given by OSTER, 1957, 1966.

Strong case. An alternate procedure has been suggested by WEYMANN,
1960, (strong case), based on calculations by SeaTON, 1955, for cool
interstellar gas. In this calculation all continua and resonance lines are
treated as optically thin. The ionization is calculated in the coronal
approximation. This case predicts much higher radiation losses because
of the contribution by (optically thin) resonance lines. We considered this
“strong’ case as an upper limit. Where the LTE calculations exceed this
upper limit they were cut off.

b) Temperatures exceeding 7000° K

Weak case. Here we adopted WEYMANN’s, 1960, weak case that includes
only the bound-free continua of H and He in addition to bremsstrahlung.
Such a spectrum can be considered as a lower limit.

Strong case. Here DoHERTY and MENZEL’s, 1965, computation was
taken as an upper limit as it exceeded other estimates such as PoTTascH’s,
1965, and Raju’s, 1966.

C.
® A ~< ~ e, o RS
———— SO~ <
2 :.4—’2, ///’ .FM.*. o \\\\ ~ \. \\\\\\‘~>:§\ )|
S. ’./ \\\ \. ~ \\\ \. \ “\\\\
W W / /2N S N =23
/-j " 93] /1 SN LN \o N w R
My 4 S RN O
S ___\__ ~\ Y
0 o / e——s— 7 - Nugad NGy \\\\ o\\ S
- [ -~ PR S /N S S \‘\\ oo —
f o /0,./-!~‘~\ \.\ \N \\‘\ \ \\\ ~~M"\\\\ \2
W ‘s\ Sso ~ () N W\‘N
-1} ~ ~—_ A\ \ N -
“g We ~ \\~\ N
Qk 4 S = >-\—-~~~ A \\
Q 2 ’e -7 ’a—-‘—“w. SO ~a \\\\\ .\\\s -
S "5/ s ~—— N Rt X3
SO AT s RN Y
~ ~, N, W -~
_3 o o \\\ \\\\\ \\\ -
I SO, ~Q N
/V,W/ IR S TN o\ \v\\ S s
_4 | 5‘ () 2 L ~ ~o . N\, ~~ & -
Lo / @ Qe ~ N
= ] ~ ~ =~ J
-~ =so —~ S ~, \ N\ =N 0
me S N N
~ ~ ~
-5|e / ~Q . s\\:\\ \. N w 3
] S o o o N -y \ == \\
P e SeL e o - ~
-6 ‘—o/ —3/;-’ # o— . ~ o \0 \\\‘\\~.\,4(0\ é\ .
5} ,W /@ \[7’\\ .\\\\ \\\ \. N\ ~ N -/
~, -
Lt 1 K TN T T R S TS T T T . e U O \1\\1 L IWI 1
4 5 6
LogT

Fig. 2. Radiative loss QQRAD in ergfcm®sec as function of temperature 7' with gas
pressure (Logp) as parameter. S strong case, W weak case, M adopted case
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c¢) Adopted loss function

For temperatures below 7000° K we use the LTE values as discussed
under 1). These values may still be somewhat too high as departures from
equilibrium keep the ground state overpopulated thus reducing Balmer
and Paschen-continua.

For temperatures exceeding 7000° K we divided DoaERTY and MEN-
ZEL’s values by 5 to 10 to account for the optical thickness of resonance
lines. In the very hot regions our adopted curve goes over into the strong
case.

The following Fig. 2 gives the energy loss o Qg ap adopted (labeled M)
in erg/em3sec as function of temperature with the logarithm of the gas
pressure as parameter. The curves labled S and W are the ‘“‘strong” and
“weak’ cases.

II1. The basic equations

We now review the basic equations for our problem.

1. Hydrodynamic equations
The steady flow of non-viscous gas streaming with velocity % can be
described by there equations of

Continuity : V-pu=0. (3.1)
Motion: (TL-V)TL=—%Vp—g'a‘:. (3.2)
Entropy : U VS = Sext - (3.3)

These equations and the equation of state, S = 8 (p, p) (entropy) deter-
mine the five functions % (2), o (z) density), p(x) (pressure) uniquely, if
we specify the respective boundary conditions and if the external entropy
influx S, is a given function of %, p and p. The additional shock equation
and our estimate about radiative losses (Sec. IIb) will give us this
necessary Seg;. In (3.2) ¢ is the gravitational acceleration, % a unit vector
in outward radial direction.

2. Pressure and flow equations .
In our spherical one-dimensional geometry with radial distance z it is
convenient to use a dimensionless variable,

r=—, (3.4)

To

where r, is a reference level for which we take 7 = .003 for the sun, and
7 = .01 for the other stars. The flow Mach number is defined by

_ Bl (3.5)

c
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The Outer Atmosphere of the Sun and of Cool Stars 199
where
P RT
02 == —_— = —_— . 3‘6 1
Yo =7 a (3.6)

¢ is the sound velocity, T the kinetic temperature, R the gas constant,
y and pu were previously defined. Integrating (3.1) over a conical section
we find the pressure equation
Dol Myc,y T
p= T, uMcr?’ (3.7)
where the subscript zero indicates values at the reference level r = 1.
Using (3.1) and (3.2), the flow equation reads

dM _ M (14 M fo Ly, rene 2) g
dr  1—yM? 2¢2  dr y dr 272 r) " :

This equation has been given by Birp, 1964, except for the term ~ % ;
c.f. also CrAPMAN, 1954 ; LUsT, 1962; PARKER, 1963.

3. The shock equation

The shocks we have to deal with develop out of sound wave trains of
different length and frequencies due to the production in a turbulent
convection zone. For simplicity we consider monochromatic sound waves
of frequency », for which we take the maximum frequency of the fre-
quency spectrum (OSTERBROCK, 1961). Different kinds of shock shapes
can develop from sound waves. What shape eventually develops can
only be specified by a detailed growth calculation for sound waves, taking
into account viscosity, radiative losses as well as conduction and the non-
equilibrium structure of the shock front (SkaLAFURIS, 1965). However, a
simplified approach seems to be useful, because we are not interested in
the shock as a time dependent entity, but as a means to deposit over long
time averages a certain amount of energy in a specified volume of gas.
Therefore we feel that the simplified model of a shock will still give a
reliable picture.

The model of the shock which we assume is the simple discontinuity
behind which the state variables relax to the state present before the
shock arrived. This so called profile of the shock may be triangular,
sawtooth, exponential, bell-shaped, ete.

Let us define the shock Mach number M,

M,= , (3.9)
where from now on the subscript 1 indicates the variables of the undisturb-

op (y—1T dp ) r .
1 2 — =] = —_ ] =
Actually c? = (ae )8 Y aT) o but the second term in the

bracket is at most about 69, of the first term and can therefore be neglected.
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ed gas in front of the shock, while 2 indicates the value directly after
passage of the discontinuity. U is the velocity of the shock, while u, is
the gas velocity and ¢, the sound velocity in front of the shock.

It can be shown (LaxpAU-LirsaITz, 1959) that we then have

P, 2y M;— (y—1)

= T =4, (3.10)
%z%:.:(y(_”;zﬁ2ze, (3.11)
%z (%)1’25 ¢, (3.12)
fj—f:g 4+ M, (3.13)

with
= %ﬁ—, (3.14)

where v is now a function of the kinetic temperature 7'.

From the work of ScHIRMER, 1950, we estimate what shape the shock
profile will have. If the sound wave carries a large amount of energy,
while no viscosity and radiation losses are considered, it grows very fast
and develops into a shock in a high-density area and a sawtooth shock
develops with small (M, ~ 1). However, if, as Schirmer has shown, the
growth is strongly inhibited by the medium, the sound wave will travel
into areas of much lower density and a strong triangular shock will
finally develop (M > 1). The shock equation should therefore not depend
on the smallness of M but should be valid for small as well as large values
of M,.

When our calculations were performed, three different shock equa-
tions, which describe the behaviour of M, during the passage of the shock
through a medium, were common in the literature:

1. The approach developed by BrRINkLEY and KirkwooDp, 1947, for
underwater and atomic explosions. Here, a shock of arbitrary strength is
considered, and use is made of the “principle of shape similarity invari-
ance’’ which is based essentially on experimental results. This approach
has been applied by ScEHATZMANN, 1949; WEYMANN, 1960 and OSTER-
BROCK, 1961, to the solar atmosphere for small shock Mach numbers.

2. The approach treating shocks as the result of the development of
large amplitude sound waves which has been given by LANDAU and
LirsHITZ, 1959. This approach was adopted by KupERUS, 1965, to stellar
coronas, again for small shock Mach numbers.

3. The approach based on the theory for shock tube experiments that
was developed by WarTHAM, 1959, and Birp, 1961, 1964, 1965, and
adopted by BIrD to the solar atmosphere for arbitrary shock Mach num-
bers.
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The Outer Atmosphere of the Sun and of Cool Stars 201

We shall follow Birp’s treatment but include variability of ¢ and a
dissipation term on the shock Mach number M as suggested by methods 1
and 2. The variability of y can simply be included (ULMSCHNEIDER, 1966)
in the derivation of Birp’s shock equation. This will give eq. (3.21)

except for the last term ~ y. In a plane atmosphere (% - O) with

2
y = const., no gravity (g, — 0) and no temperature gradient (%cr— — O)

we find with this equation d;f‘ = (. This indeed is correct for shock-tube

calculations where the energy is supplied by the moving piston, and the
shock has an infinite rectangular shape. In our case however the energy
loss in the gas modifies the strength of the shock as suggested by methods
1 and 2.

After a shock has passed a volume element of gas the internal energy
has increased and, although the pressure has come back to its equilibrium
value p,, the volume has increased. Thus, the total work 4 W done is

AW = AE + pAV = AH . (3.15)
Here, H is again the enthalpy per gram. If D () is the total energy of the
shock per unit area of initial surface in spherical geometry, then

dD(@) _
dx

x2
—qdH . (3.16)

Considerations of thermodynamics show that

AH =T, AS = Tcln{ (92) }——92— @0 7. (317
y 2 yiy—1) '
Hence, the energy of the shock is:
D@ =75 [(p—p)uds. (3.18)

tx
Here pressure p and velocity « refer to the shock profile, ¢, is the time of
the arrival of the shock at point z. Using the ‘“‘principle of similarity
invariance” BRINKLEY-KIRERWOOD, 1947, we can write for eq. (3.18):

Dix) =5 (7 - m%mvg@—nmlum (3.19)

where i = i;— for triangular and = ﬁ for sawtooth shocks. Differentiat-
ing eq. (3.19) and equating the result to (3.16) we obtain

dM, 1 (y1p Ln (4 6-7) (3.20)
dz dc, y(y—1) (3M3_2_ﬂ;2)(1+31[4)

where the flow in front of the shock is included.
15 Z. Astrophysik, Bd. 67
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Dropping the subscripts 1 we can finally write for the complete shock
equation:

dM, InM, [ (E+2M— (y§+20)M* 1 dc?
dr ~ 1—yM? 2 ¢t dr

c2r2

t e CE+ -1+ C—yE+ ) M) L~
_TZ}JFE(C&—EMJNCZ—1—(y—1)CE)M2— (3.21)

—( - VM) E (6 M+ ¢ -y 0 MY -

y dar
_L X%
4 cav <].—+— f;;: )
with &, {, 0, ¢ defined previously, and
= (y +1)2
=" ] (3.22)
_ — 1) M2+ 2 M 3
Py ((y — 1) M3 + 2) + £ (M, + M)
__ & (M
o= (o7 =) (3.23)

(y + 1)? Ln (4 6-7)
yiy—1) GM;—2— M) "

I

x (3.24)

This equation can be shown to reduce to the three shock equations of
methods 1, 2, and 3 in their respective regions of validity.

4. The energy equation

It is now easy to show how from eq. (3.3) the so-called energy equation
can be derived.
From eq. (3.3) follows (LaANDAU-LirsHTTZ, 1959)

—V-Qﬁ(%uz-l—ﬂ)—gz‘Z-g%—I—QTSext:O. (3.25)

The irreversible external heat flux consists of mechanical energy deposited
by the shock, radiation and conduction:

0T Sexy = 0Quzcr — 0@rap + 0QcoxD - (3.26)
0@rap is given in Sec. IT2. With eq. (3.16) and ¥, shocks per second we

have
dD x® c? -
0Qurcr = Yoz = %0 551y (407 (3.27)
The well known conduction term is (K, = 6 - 10-"erg/cm? sec grad®?2,
PARKER, 1963)
QQCOND =V- K0T5/2 vT. (3.28)
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The Outer Atmosphere of the Sun and of Cool Stars 203

With the aid of eq. (3.1) we can write
2
gi-g':i:—-V-gﬂ—go?ro—, (3.29)
and obtain

0@uEcE — 0@rap =V - {Qu( u? 4+ H— goro) KOT5/2VT}. (3.30)

Integrating this equation over a spherical zone, using eq. (3.1) again and
going over to the dimensionsless variable r, gives finally the energy
equation

aT _ _fo

dr ~ K,T57

The symbolic notations FLOW, DISS, RAD are defined by:

{FLOW DISS + RAD + -2 T5/2 47, } (3.31)

7
RAD = f ro 0Qrap 72 d7 (3.32)

DISS = I, f ro Py In(0 §) ridr, (3.33)

FLOW-—;QOMOCO{( Mre ) — (;M%cg+ﬂo—goro)},(3.34)

where the subscript o labels again the variables at references level r = 1.
L is a multiplication factor which arises from the growth of the shock
profile in the atmosphere. Presently we have L = 1. Writing

COND = £o (732 2L,
T

0

_ T3 dT°), (3.35)

dr

we obtain the balance relation
COND = FLOW + RAD — DISS (3.36)

The physical interpretation of the quantities RAD, DISS, FLOW and
COND is that they represent the total energies (per cm? of the initial
surface) that are radiated, dissipated transformed into stellar wind and
conducted, respectively per second within the column bounded by r =1
and r = r. From eq. (3.36) we see that the conduction term acts as a
reservoir from which we can borrow energy to radiate or increase the
thermal and kinetic energy of the stellar wind in case that the shock
dissipation is not yet sufficient to compensate for the losses: DISS
< (FLOW + RAD). However ultimately the dissipation term must equal
the sum of flow and radiation terms, if the energy to drive the stellar
wind and to provide for radiation losses comes from within the star and
not from an external reservoir. This condition of a “shock dominated
solution” is discussed below in detail.

15*
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IV. Boundary conditions and topology of the full set of equations.
The principle of complete shock dissipation

The flow equation (3.8), the shock equation (3.21) and the energy
equation (3.30) form a complete set of equations for the three unknown
functions M, M, T respectively. The quantities v, H, c? are functions of
T only and the pressure p can be computed with eq. (3.7) as function of
T and M. Thus we have a closed system and can perform the integration
provided we have the boundary values M,, M, , T, and know the values
of the constants which enter our various equations.

1. The boundary conditions T, py, M,

To compute boundary conditions we use the models of BOEM-VITENSE,
1958, which we continue isothermally from 7 = .01 on. For the sun we
use in addition the model of HEINTZE, 1965, for comparison.

a) Noise production

The amount of acoustical noise produced and flowing in the outward
direction can be shown (OSTERBROCK, 1961) to be:
1 [ 38p%"
ﬂFﬂtusz_?l_dh’ (41)
where p is the density, 7 the mean velocity of the turbulent elements, ¢
the sound velocity, 7 the scale height. Velocity and density profiles were
calculated from the BoHM-VITENSE, 1958, models, and the integration
eq. (4.1) performed numerically. The frequency of the sound waves v, has
to be above the cut-off frequency v, (KupERUS, 1965)

v
‘VO = T (4:.2)

Y9

Vo= (4.3)

b) Height of shock formation

As long as viscous dissipation, radiative and conductive losses are
neglected we can write
. @ 7w F
nFy, = eti*c or—= ‘/—y?f’?
where i is the perturbation velocity in the sound wave and p the pressure
in the atmosphere. Following the hills in the sound profiles till they catch

up with the valleys, we find (OSTERBROCK, 1961):

, (4.4)

t(Hp) Hp
f adt=%or 4v0]/“f'"° f (pe) Tdh=c. (4.5)
U(Hp) Hp
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The Outer Atmosphere of the Sun and of Cool Stars 205

Hp and Hy are the heights of the production of sound waves and the
formation of the shock respectively. Numerically, it turns out that
condition (4.5) is within a few percent equal to the much simpler condi-
tion

d=c. (4.6)
With eq. (4.4) this leads to
n F,

Y44
Using the boundary temperature 7', at 7= .01 we can compute the
pressure p at shock formation and the height Hp.

However, viscosity and radiative losses can be taken into account, at
least roughly, from the work of ScHIRMER, 1950. As the growth of the
sound waves is opposed, they travel to regions of lower pressure p until
they form shocks:

p= (4.7)

Do = % (4.8)

for I, the shape compression factor, ScHTRMER found the value of 2.6.
Figure 5 shows the influence of this factor [. The curve labeled 12 shows a
model computation with no viscous and radiative losses ([ = 1). We adopt
here the value [ = 4.9.

The zero reference level (‘“radius of the star’) has been taken from
BoaM-VITENSE’S computations. For stars, this correspondsto 7 = 0.1, for
the sun to the customary 7 = .003.

c) The initial shock Mach number M,

After viscous and radiative losses have opposed the growth of the
sound wave, a strong (triangular shapes) shock forms in the tenuous
atmosphere. M can be found from eq. (3.19):

— 1)2 4 1
nF o, =D = copy e, — 1) Y (4.9)

M, (y+12 6
With eq.’s (4.7), (4.8), (4.9)

M, =39. (4.10)

Results are summarized in Table 2.

2. The imitial flow Mach number M,

The boundary condition for the flow Mach number M, has to be
treated differently. If we start with arbitrary M, we find that for an
infinite number of M, the solutions become either multivalued (and
therefore unphysical) or subsonic (see Fig. 3). These solutions are known
as supercritical and subcritical solutions, respectively (PARKER, 1963;
LiosT, 1962). In addition, there are three critical values of M, for which
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the solutions become supersonic. But supersonic flow has been found to
persist for the sun (PARKER, 1965). We assume that this is the case for
other stars as well. However, two of the three critical solutions will be
excluded on physical grounds.

3. The types of solutions

Due to the more or less independent behaviour of the shock equation
(3.21), which provides only the DISS-term to the energy equation (3.31)
the types of solutions can be classified simply on the basis of the relative
magnitude of the energy term DISS, COND versus RAD, FLOW, and
of the known supercritical and subcritical behaviour of the low equation.
Starting with a high value of M (see Fig. 3) we find that FLOW > DISS,
RAD, and obtain a conduction dominated (CD) solution. It corresponds
to a solution where the energy is supplied from infinity through a tempe-
rature gradient and conduction. The critical solution “CCD”’ in this region
is therefore excluded on physical grounds.

Lowering M, further we find DISS = FLOW + RAD at some point in
the atmosphere which means the temperature-gradient becomes zero and
the atmosphere shows a shockdominated solution (SD). The energy is
supplied from within the star in this case. For the largest M, in this
region we find DISS > FLOW > RAD and a critical shockdominated
solution “CSDF’’ with the flow-term being the important one.

Lowering M, further reduces the importance of FLOW and DISS
> RAD > FLOW. This leads to the critical, shock-dominated solution

0
- CCDSoltion b Sn47
s == Zh
- CSDF ] 6
= r 50/Uf/blz ~
A ap e 4 3
- 9P 10p 99
-3 ; ; .
- /J Y l 7 14
—4 —l kWO [ N T N O 0 5 T O O O I F I T O O I $ 11 3 N I O O N |
-3 2 -/ -3 2 -/

Log fg

Fig. 3. Tteration to the critical solution. Flow Mach number M (left) and tem-

perature 7' (right) as function of height # above the solar radius 7,. p labels super-

critical, b subcritical solutions. The initial low Mach number decreases from

solution 1 (M, = 5-10-3), 2(M,=2-10-83), 3(M,=1-10-8), 4(M, = 7.5-10-%),

5(My="1722-10"%), 6 (M, ="17.17-10"%), T(M,=4-10"%), 8(M,=5-10-%),

9(M,=5"+10"%), 10 (M, =1-10-7). For all solutions the multiplication factor
Lis6
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“CSDR” with radiation as most important term. This solution can be
excluded as it provides initial temperature gradients in excess of 5000°/cm.
Therefore the CSDF solution seems to be the only reasonable possibility
(see Fig. 3).

d) When we performed the integration with the given boundary condi-
tions and with L = 1 in the DISS-term (eq. 3.33), we found that when
the shocks vanished (M, — 1) only a few percent of the energy which we
put into the shocks at the point of transformation from the sound waves
reappeared in the form of dissipation. Detailed investigations were made
to find the reason of this obvious contradiction. It was found that the
principle of shape similarity invariance which requires ¥ = const does not
describe the situation correctly. As a matter of fact, ji# does not remain con-
stant, and the originally triangular shape changes. The correct procedure
would be thus to develop a detailed theory of growth of the profile behind
the shock similar to the work done by ScaETRMER, 1950, for sound waves.

However, as we are not interested in the exact shape of the shocks but
in their nature of providing the necessary energy term DISS to compen-
sate RAD and FLOW we can approximately treat the problem the
following way: We multiply DISS with a factor L which increases the
dissipation and find the correct factor L by postulating that, when the
shocks vanish, all energy originally in the sound waves must be dissipated
and reappear as DISS:

DISS; = nF;} . (4.11)

As the temperature and flow profiles are not changed very much by
varying L, (compare Fig. 3 and 4), a relatively unsophisticated iteration
to find I (exhibited in Table 1) is sufficient.

‘able 1. Iteration to find the correct factor L for which we have complete shock dissipation. M, is the
wttal flow Mach number of the critical solution, DISS; is the final dissipated flux of shock energy
when the shocks have vanished. Values in brackets are extrapolated

_ | sun G2V K111 G3 III G7V

L | M, DISS, | M, | DISS, M, | DISS, | M, DISS,
6| 7.15-10~* | 1.08 - 107 | 1.07-10-*| 7.20-10¢ | 3.50-10~% | 1.95-107 |1.40-10-3| 1.20-10
9| 1.13-10-° | 1.61-107 | 7.47-10-| 1.36-107 | 6.97-10-4| 2.85-107 |2.04-10-%| 3.01-10¢
10 | 1.25-10-% | 1.75- 107 | (9.3 - 10-4) | (1.60 - 107)

11 (9.2 - 10-4), (3.40 - 107) | 2.45-10~2| 7.00-108

Y. Results

The numerical results of the critical CSDF solutions for our four stellar
models are exhibited in Fig. 4, 6, 7, 8 and Tables 2—3. An IBM 7094
computer was used and a 5 order Runge-Kutta-method (ZoNNEVIELD,
1964), where the 6'® order term was kept to regulate the stepsize.
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Table 2. Initial values and final results of our four stellar models

Sun
G2V K1III | G3III |G7V

Ty °K 5800 4400 5000 5000 effective temperature
Logg —or | 445 2.50 3.00 4.45 surface gravity
7o km 6.95-105 | 4.9-10% | 3.3-10° | 4.9-10% | star radius, zero re-
ference level

or:, —5_116-10" |1.6-107 |3.4-107 |3.0-10° | noise energy flux

Mo cm?sec
Vo sec™! 9.0-10-% | 1.5-10-% | 5.0:10-* | 7.9-10-% | maximum of noise fre-
quency spectrum
v, sec? 3.3-10-3 { 3.9-10-% | 1.2-10~* | 3.6-10—% | cut-off frequency for

sound
7 (H = 0) .003 .01 .01 .01 mean opacity at zero
height level
H, km —360 —26200 | —7150 | —260 height of sound gene-
ration
643 29100 12700 790 height of shock for-
Hy km mation*
1060 (He1NTZE’Ss model)
T, °K 4064 3069 3793 3793 initial temperature
po |32 3.67 | 7.08 619 | initial pressure
Ms, 3.9 3.9 3.9 3.9 initial shock Mach
number
M, 1.14-10-3 9.3-10-% | 9.2-10~* | 2.04-10-%| initial flow Mach
number
cm

7.1-102 | 5.1-10%

S
(=]

U -102 | 1.2-10% | gas velocity at zero re-

ference level
QoUg?? 'cﬁ*g—seE 9.7-10-° | 1.0-10-% | 1.8-10-% | 3.5-10~? | mass flux
ML - 5.9-101% | 3.2-10% | 2.5-101¢ | 1.1-10'% | total mass loss

sec
erg

Bec

P prp oo | 3.5°10° | 3.5:10° | 7.4-10° | 4.0-105 | total U-V flux

UVL =2 |21-10® |1.1-10% |1.0-10% | 1.2:10% | total U-V radiation
loss

T.x °K 3.2-10¢ |2.8-10° |3.5-10° | 1.7-10° | maximum coronal tem-
perature

* It has been kept in mind that this value depends strongly on the statistical
nature of the noise production. Behind large turbulent elements there is a “noise
shadow”. The reduced noise level will produce shocks at a much greater altitude
which gives the gas a chance to cool (spicules). Thus the solar transition layer has
the appearance of a “spiked ball”.

VI. Discussion of the Solar Results
1. Discusston of the model

As soon as the shock has formed, shock energy is dissipated very
rapidly. The energy serves primarily to heat the gas (balance of the
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Table 3. Temperature rise in the transition layer. The heights given are heights above
the level of shock formation

Sun K111 G3III G7V
Temp km km km km
T, 0 0 0 0
7108 .056
1-10¢ .062 .02 .01 017
2 -10* .085
5-10% .25 23 0.13 .65
1-108 1.15 1.05 .54 4.18
2108 5.54
5.108 65.5 54.7 30.1 261
1-10¢ 493 470 253 2350

FLOW-term) while conduction is not yet important:
DISS = FLOW + RAD (6.1)

The temperature rise will bring the gas quickly into a temperature
region where the radiative losses (RAD) increase rapidly by approxi-
mately 4 orders of magnitude. The comparatively slow variation of
dissipation (DISS) cannot compete with the radiative losses, and the
energy must be supplied by conduction (COND). The more energy is
radiated out, the steeper the temperature gradient must be in order to
balance this radiation by means of conduction:

COND = RAD -+ FLOW (6.2)

This behaviour can be illustrated by a comparison with Birp’s, 1965,
solar models that balance dissipation against thermal and kinetic energy

in the solar wind: DISS — FLOW (6.3)

Bird finds the same steep initial temperature rise due to the large shock
dissipation. However, as conduction is neglected as well as radiative
losses, the steepening influence of a large conduction term balancing a
large radiation term is not experienced and his model temperatures rise
much less steeply further out.

The temperature region of extreme radiative losses is thus passed with
a very steep temperature gradient which limits the amount of radiative
losses by reducing the total gas mass in this region?2.

At higher temperature we see that the flow energy (FLOW) which
incidentally consists primilarily of the termal energy of the gas and not
of kinetic energy, dominates over the radiative contribution (see Fig. 4).
This flow term increases slowly.

2 If the radiative losses as indicated in Fig. 2 are overestimated, the steepness
of the temperature gradient will be reduced.
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+ SUN 4 -

Log r§

Fig. 4. Height dependence of various quantities above the point of shock formation
in the solar model. P is the gas pressure, M, the shock Mach number, 7' the tem-
perature and M the flow Mach number. The quantities FLOW, RAD, COND,
DISS represent energy fluxes (erg/cm2sec, scale F) integrated from the point of
shock formation to the height level A. FLOW is the thermal and kinetic energy
in the solar wind, RAD the radiation loss, COND the supply of energy by thermal
conduction. DISS the supply of energy by shock dissipation. = F7,, is the total
input of mechanical energy in form of noise (scale F) which ultimately becomes
equal to DISS when at great heights all shock energy is dissipated. r, is the radius
of the sun. At great heights the solutions show the splitting in super- and subcritical

solutions. L = 9

Conduction finally becomes small compared with shock dissipation and
vanishes with vanishing temperature gradient when the dissipated shock
energy balances the sum of flow and radiated energies:

DISS = FLOW + RAD . (6.4)

The influence of viscosity, which has been shown by ScArF and NoBLE,

1965, to be of importance in solar wind calculations, can be neglected in
du
dr
when the kinetic part of the flow energy FLOW dominates. This is not

the case at lower heights, and at heights beyond 1.1 7, our models become
unreliable at any rate because of the disparity of the supercritical and
subecritical solutions.

our models. The effect of viscosity being to u? and  —— becomesimportant
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2. Comparison with observations and with other models

a) Maximum coronal temperature T, and electron density profile Ne
are compared with observations in the following Table and Fig. 5.

Table 4. Mazimum coronal temperature of our model compared with recent observations

T °K Year Author Nature
2-108 1965 CrONYN radio-observation
8:105 1964 Kuxnpu, DE JAGER radio, x ray observation
2.6-108 1963 Brrmwes LILLIEQUIST line width observation
1.5-10¢ 1961 ELwERrT x ray observation
3.2—3.5-108 1961 JARRETT, VON KLUBER line width observation
2.108 1959 BrLrinags line width observation
3.2-108 1966 ULMSCHNEIDER model

Fig. 5. Electron density Ne (cm~2) is given as a

function of height % (km) for the undisturbed 7 \/ SN |
solar atmosphere by (I) pE Jacer (1959), (2), B 6 \\«\5 Vi
(3), (4) vax pE Hourst (1953) and for the active . \
region by (5) Ivanov-Kuorop~Nvyr and NiroLsgm % 7 2 7
(1961), (6) Kaxnuma and Swarur (1962), (7) _/3
KawaBara (1960), (§) CHRISTIANSEN et al. (1960), g P
(9) NEwkirk (1961), (10) Hrer (1962) and for = g} 9 .
a quiescent prominence by (11) KorLBLOED and § N 2 0
Kuprrus (1963), (12) our non-viscous model, (13) i 7 8

our model including viscosity gk 4 4

b) The total ultraviolet flux 7 Fgsp in
erg/cm? sec. has been estimated to be 2 - 107
(OsTERBROCK, 1961) and 2.5 - 105 (pE - 2
JAGER, 1959) which compares well with 4 . |
our result of 3.5 - 108, J ¢ 7 6

¢) The velocity of the solar wind flow u ! .Mg ./’/m,/
has been observed by BiLLivgs and LitLie- 2z -7
QuIsT, 1963, at T = 1.03 to be 6.6 km/sec log
which agrees fairly well with our 13.4km/sec
at this distance.

d) The solar mass flux gpur? has been measured by Mariner IT (NEU-
GEBAUER and SNYDER, 1962 ; CoLEMAN et al. 1962) to be 8-10-12 g/cm?sec.
We find the much higher value of 9.9 - 10~9. The following rough estimate
shows however that the marine results seem too small. If we take the
flow velocity observation of Brirings and LrrrreqQuist, 1963, and the
observed electron densities (Fig. 5) at » = 1.03 we find for the mass flux
610710 to 1-10-8 g/cm?sec. With this estimate our model value is in
good agreement.
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e) The total mechanical flux input nF;; in erg/em?sec has been esti-
mated to be 1-10® (Sarro, 1964), 1-105 (STURROCK, 1964), 3.3 - 107
(OsTERBROCK, 1961). Our value of 1.6 - 107 fits fairly well. A minimum
estimate can be obtained by using the above estimate of the mass flux
based on the observation of Brurings and LiLiieQuist, 1963. The mere
existence of supersonic flow and a coronal temperature of 2 - 108 °K gives
with eq. (3.23) 5- 105 — 8.4 - 108 erg/cm?2sec for the thermal and kinetic
energy of the gas flow alone. An approximately equal amount of radiative
flux has to be added to give an estimate for the mechanical flux input.

f) The steepness of the temperature rise may be compared with recent
models. It turns out that our temperature rise is extremely steep due to
the balance of the conduction and radiation. Almost all of these models
do not include radiation and must lead therefore to less steep temperature
gradients. The run through the temperature interval from 3 - 104 °K to
2 - 10° °K is given to be more than 200 km by UcHipa, 1963, 48 km by
Kaxxo and Tominaca, 1964, 100 km by ArvLeN, 1965, as compared to
5.5 km by us. KUupERUS, 1965, gives a very steep gradient and Zmrix and
DrieTz, 1963, conclude from observations that there is a very steep
temperature gradient.

Y1I. Discussion of the Stellar Results

Our stellar models behave very similarly to the solar model (see Figs. 6,
7, 8). Of course, non of the data could be checked against observations.
A comparison will be given, however, with the available model calculation
by Kurrrus, 1965.

1. The amount of convective noise energy produced by different stars

The amount of noise energy produced by a convection zone depends
strongly on the value of the mean velocity ¥ in the turbulent velocity
field. For very hot stars (7', = 15,000°) and stars with very low surface
gravity (log g~ 1) the inner ionization zone of hydrogen occurs already in
the outer radiative equilibrium layer of the star and thus does not start a
convection zone as is the case in cooler and more dense stars. With no
convective motion no noise is produced by the processes considered in
this paper.

It is readily seen from eq. (4.1) that the noise production is important
only in a narrow region around the maximum of the velocity curve.
Eq. (4.1) also limits the noise produced in the He-convection zones in
very hot stars.

Noting that very close to the layer of maximum noise production, the
total flux 7 F of the star is carried completely by convection, as is shown
by VriTENSE, 1953, (Fig.5), we can understand the amount of noise
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Fig. 6. Height dependence of various quantities above the point of shock formation
in the model of a type G3 III star. Notation see Fig. 4
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Fig. 7. Height dependence of various quantities above the point of shock formation
in the model of a type K1 III star. Notation see Fig. 4
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Log,%
Fig. 8. Height dependence of various quantities above the point of shock formation
in the model of a type G7 V star. Notation see Fig. 4

energy produced by a star as function of the effective temperature Tex
and the surface gravity as follows:

As the convective flux zF is proportional to ¥ and the density o, we
can write for a point shortly before the velocity maximum #,,,, is reached :

O'Teﬂ"— nl = WFK ~ 917 . (7.1)
From this equation one can deduce the following statement:
T 1: The higher T g and the smaller g, the larger the noise energy

production.
This statement is valid only a convection zone of reasonable size can

'develop in a star, however, it is consistent with our models as well as

those given by KurERrUs, 1965. A summary of our conclusions is given in
Fig. 9.

2. Coronal temperature and temperature gradients in the transition layers
for different stars

The height at which the shock is formed is determined entirely by the
flux of noise energy and the scale height of the atmosphere. The temper-
ature of the upper photosphere of the stars is roughly the same (3500 °K
to 4500 °K). The less the noise flux and the lower the surface gravity the
more extended the upper photosphere.
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Fig. 9. Hertzsprung-Russel diagram with the qualitative lines of equal noise pro-

duction. “high’ labels regions of high, “low’ regions of low and “no” regions of

no noise production. These lines are also lines of equal ultraviolet radiation and

mass fluxes as well as equal steepness of the temperature gradients in the transition

layers and equal maximum coronal temperatures. Lines of equal Spectral class
(Sp. C.) and equal surface gravities (g) are indicated

Most important for our considerations, however, is the pressure p, at
the height of shock formation. Considering the similarity of boundary
temperature 7'y, and that this value enters eq. (4.7) only as |/ T, we can
make the following statement, keeping this limitation in mind: (see
Table 2).

T 2: The pressures p, at the level of shock formation are proportional to
the noise fluxes.

T 3: The ultraviolet radiative flux of a star is roughly proportional to the
amount of noise energy produced.

This can be ascertained in our models by comparing the ,,RAD-
profiles of our 4 stars (Figs. 4, 6, 7, 8) and correcting them by the factors
P, (star)/p, (sun). All curves can be approximately made to coincide with
the solar curve.

The lines of equal noise production in Fig. 9 are lines of equal U — V
fluxes.

Another important conclusion can be drawn from statements T2 and
T3 by remembering that conduction (COND) is balancing the radiative
losses (RAD) at the heights where most of the radiative losses occur. If
the RAD-term is very large, the COND-term has to be very large and,
consequently, the temperature gradient very steep. We can state there-
fore: (see Table 3).

T 4: The steepness of the temperature gradient in the transition layer is
roughly proportional to the amount of noise produced.
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However, the temperature gradient must be measured at temperatures
above 10 °’K because at lower temperatures the assumption COND
= RAD is not valid as can be seen in Table 3. Again the lines of equal
noise production in Fig. 9 are lines of equal steepness of the transition
layer.

From Tables 1 and 2, invoking the similarity of the stellar boundary
temperatures, keeping the limitations of this statement in mind, and
using the equation

mass flux = pyc, M, (7.2)

where M, is the critical flow Mach number of the supersonic stellar wind
flow, we find:

T 5: The larger the noise flux the larger the mass flux due to stellar wind

from the star.

We then have that the lines of equal noise production in Fig. 9 are also
lines of equal mass flux due to stellar winds.

Finally we deduce the following statement:

T 6: The larger the noise flux the higher the coronal temperature of the star.

The lines of equal noise flux in Fig. 9 are then lines of equal coronal
temperatures. To prove this statement, we just note that, since a higher
noise flux means higher mass flux, higher radiative losses, and steeper
temperature gradients so that conduction may balance the radiative
term, the temperature has already reached a higher value when the shock
dissipation finally catches up with the FLOW and RAD terms.

3. Comparison with KUPERUS’ models

The comparison with KupPERUS’, 1965, models shows a general agree-
ment in the behaviour of both the noise energies produced and the coronal
temperatures. In addition our statements 7'. 1 and T. 6 agree very well
with Table 9 in KurPERUS’ paper.

The energy production is bigger by a factor 2 to 3, probably due to
KuprsrUS’ more approximate method of computation.

The coronal temperatures are by a factor 3 to 4 lower which is probably
due to the exhaustion of shock energy at greater heights because his
theory depends on small shock Mach numbers and uses up more shock
energy at lower heights in order to balance radiation.
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