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Summary. In this second paper in a series we calculate on
basis of the Chapman Enskog Burnett theory the coef-
ficient of thermal conductivity for a gas mixture of stellar
abundances assuming departures from local thermody-
namic equilibrium (non-LTE). In addition, using the
elementary kinetic theory, simple approximation for-
mulas for the coefficient of thermal conductivity are
given that allow evaluation under arbitrary ionization
conditions and arbitrary element abundance. The de-
viation of the approximation from the rigorous calcu-
lation in both LTE and non-LTE cases is at most ten
percent.
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1. Introduction

In the previous paper of this series (Ulmschneider, 1970;
henceforth called Paper I) on basis of the Chapman
Enskog Burnett theory the coefficient of thermal con-
ductivity 4 was computed for a few gas mixtures of
astrophysical interest assuming LTE ionization. For
many applications however i.e. in the chromosphere-
corona transition layer of a star the assumption of LTE is
not valid. In these cases the ionization occurs under
conditions departing by various degree from thermody-
namic equilibrium. In the transition layer the equilibrium
between the gas constituents is governed primarily by the
balance of collisional ionization and spontaneous ra-
diative recombination (Zirin, 1966, p. 141). For this
reason a recomputation of the coefficient of thermal
conductivity using an appropriate ionization law is
necessary. This is carried out in Section 2.

For application in hydrodynamic stellar atmosphere
calculations the presentation of the coefficient of thermal
conductivity in form of figures like in Section 2 and in
Paper I, due to the rapid variation of the coefficient, is
relatively cumbersome to use. Besides, different degrees
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of departures from LTE and different sets of gas mixtures
are usually desired. For this reason we decided to
approximate our rigorous calculations with a formula
based on the elementary kinetic theory. This approxima-
tion formula is derived in Section 3. The maximum
deviation of this approximation from the rigorous calcu-
lation occured at the start of the hydrogen ionization
region and was at most 10% both in the cases of LTE and
non-LTE ionizations. The approximation formula can
therefore be taken to evaluate A in situations of arbitrary
departure from LTE and for any mixture of H and He.

2. Thermal Conductivity under Conditions of Non-LTE
Ionization .

The Chapman Enskog Burnett theory used for the
purpose of calculation of the coefficient of thermal
conductivity 4 has been described in detail in Paper I. For
a recomputation of 4 it is thus sufficient to describe the
different mode of ionization. The corona like ionization
equilibrium is a balance of collisional ionization and
spontaneous radiative recombination (Zirin, 1966, p.
147). Let N(i) be the number density of an ion of stage i.
Then

NG+1)  CG)

NG) — AG)° ()
where
C(i))=27(,T3?e %y 2N, )

is the collisional ionization rate given by Jefferies (1968, p.
123) based on cross sections of Seaton (1964) and where

5 —-13 EH 1z Ei i
A()=12410" 50, () Ly )N, o)
is the radiative recombination rate given by House (1964)
based on calculations by Elwert (1952). Here {; is the
number of electrons in the outer shell of ion i, T the
kinetic temperature, k the Boltzmann constant, E; and Ey
are the ionization potentials of H and ion i. N, is the

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System


http://cdsads.u-strasbg.fr/cgi-bin/nph-bib_query?1977A%26A....60..413N&amp;db_key=AST

FT977ARA © 760 ZAT3N

414 T. Nowak and P. Ulmschneider: Thermal Conductivity in Stellar Atmospheres II, without Magnetic Field
7 7
10_] T II'ITI— T T T IIIII_ 10 I IIIIII T I I Illll_
— —
— o He — = H
T i
x 4
T w06
RORT - - 10
1 . -
g 3 E F
o - o r
5 . N
~ i ~ - 4
5 J ’
10 — 10 __ 7, .g
-1 [ 7,
T - §’// .
Ty L iraal | vy a1y ' BN - ' B
10 10° 104 10°
T (K)

T (K)

Fig. 1. Thermal conductivity A of pure He as a function of temperature
T with the logarithm of the gas pressure as a parameter (drawn). The
translational contribution is shown dashed. The calculations are for a
coronalike ionization law

number density of electrons, n, the main quantum
number of the ground level of ion i and y; is given by

E;
V= o @
E.(y,) is the exponential integral function. For H, He,
He* and 11 other elements tabulated in Paper I, relative
abundances were computed using Equation (1). With the
equation of charge conservation the number densities of
all constituents of the gas mixture can be determined if
the temperature T and the electron, P, or gas pressure P
are given. With the densities the coefficient of thermal
conductivity 4 may be computed using Equations (6) to
(11) of Paper L. The results are shown in Figures 1 to 4 for
pure H, pure He and mixtures based on the Goldberg
Miiller Aller (1960) abundance (see Paper I) consisting
primarily of H and 10% He as well as H and 15% He.
Because the coronalike ionization is independent of
pressure, the value of 2in the H and He ionization regions
is seen to differ considerably from the results for the LTE
ionization (Paper I).

3. Approximation Formula for the Thermal Conductivity

a) Translational Thermal Conductivity

Approximate formulas for the translational thermal
conductivity A have already been given by Sutherland
(1895) and by Wassiljewa (1904) and may be derived from
the Chapman Enskog Burnett theory (Brokaw, 1958,
1965). Based on the elementary kinetic theory

Fig. 2. Thermal conductivity 4 of pure H as a function of temperature T
with the logarithm of the gas pressure as a parameter (drawn). The
translational contribution is shown dashed. The calculations are for a
coronalike ionization law

(Hirschfelder et al., 1964, p. 8f) we may therefore write

N
g = .Zl Ais (5)
where
N
/li=Al.T”2Ni/( Z NinkCik). (6)
k=1

Here N;is the number density of a particle of type jand Q;
the cross section for collisions between particles i and k.
A; is a numerical constant and C,;, is a slowly varying
function depending primarily on the mass ratio of the
particles i and k. In the application to astrophysically
important mixtures of H and He we found that the C;;
could savely be replaced by constants. The summation in
Equation (5) (see Paper 1) extends over H, He, H*, He*,
He**, eand 11 additional elements that are abundant in
a stellar atmosphere. As noted in Paper I these 11
elements, because of their low abundance compared to H
and He, serve only as source of free electrons but
otherwise do not contribute to Equation (5). The contri-
bution of the ions H*, He* and He™ * in Equation (5) is
at most 4% of the electron contribution, 4, and thus was
absorbed in A, by adjusting the constants 4, and C,,.
Similarly as in Paper I we neglect the collisions between
H and He™, H and He™ ¥, and between He and He* ™.
Thus only the H, He and electron contributions are left in
Equation (5). The remaining unknowns A, C; were
determined from a fit to the rigorous solution. For the H,

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System


http://cdsads.u-strasbg.fr/cgi-bin/nph-bib_query?1977A%26A....60..413N&amp;db_key=AST

FT977ARA © 760 ZAT3N

T. Nowak and P. Ulmschneider : Thermal Conductivity in Stellar Atmospheres II, without Magnetic Field 415
7 .
10 1 1 | LB I T 1 AL | LI 107 1 1 I LI L I I T | —I LI

L H*10% He
N
x
1
*,-m 106 — -
€ = m
5 o .
9 o -
p L ]
~ i
5
10 —
Lo el 1 ' AR
10 10°

T (K)

Fig. 3. Thermal conductivity A as a function of temperature T of a
mixture having the Goldberg-Miiller-Aller (1960) abundance and 10%
He with the logarithm of the gas pressure as a parameter (drawn). The
translational contribution is shown dashed. The calculations are for a
coronoalike ionization law

He, e contributions in ergem™*s™ 'K ™! we find
Ag=24107107 12 TV2/[Qy, 1\ +(0.85Qy i+ N+
+ 0y, N +1.2305Qy yNyo)/Nul, (M
Ay =1.0486 10" T2/[Qy, i +(Qpre, pe + N+
+1.23050y Ny +1.3539Qy 1+ N+
+0.0723Qy, N.)/Ng.] ®)
2,=6.1159 10711 T42/[Q, , +(0.4838Q, 1 Ny-
+0.24780, 1o+ Nyge+ +0.24600, 4o+ + Nyge s -
+ Q. 1eNue+ Qe uNu)/N.]- )

Here the Coulomb cross sections have been taken from

Spitzer (1962),
0,,=E, T 2In(E,T*P;'?), (10)

where P, is the electron pressure in dyn/cm?*s and E, E,
are constants given in Table 1. For the remaining cross
sections we fitted the relation

0,=By+B,InT+B,(InT) 11)

to the averaged cross sections 0§ ), taken from Paper 1.
In the temperature range from 3000 to 60000 K this fit
was better than 4%. The values of B,, B, and B, from
these fits are given in Table 2.

b) Reactive Thermal Conductivity
The total conductivity A can be written (Paper I) as

A=Apr+ig (12)
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Fig. 4. Thermal conductivity 4 as a function of temperature T of a

mixture having the Goldberg-Miiller- Aller (1960) abundance and 15%

He with the logarithm of the gas pressure as a parameter (drawn). The

translational contribution is shown dashed. The calculations are for a

coronalike ionization law
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Table 1. Parameters E;, E, for the Coulomb cross sections of
Equation (10)

Cross section E, E,
(cm?K?) (dyn'2cm~1K™?)

Q...
Qe u+ 2.1933107¢ 1.3715107*
Qu-+ u+
Qe e+ 793211076 1.0228 104
Qepe+ + 1.7547107° 6.8799 10~°

He*.He* + 3.17341073 5.1007 10~%

Table 2. Parameters B,, B, and B, for the cross sections of Equa-
tion (11) '

Cross B, B, B,

section (cm?) (cm?) (cm?)

Oun +6453910715 8291310716 42365110717
Ou v +2.558510" 14 —2.03151071*3 +4.0371 1077
Ou,. +1.4204 10714 —1.7941 10713 44863410717
Oue e +4074810715  —57824107'6 42059310~ 17
Onerner  +129851071% 1079810715  +2248310°17
Otie.e —3.9942 1013 +1.0713107*5 —6.120510°17
Ohen +5.2065 1075 —7.803310716 42935710717
Otte xi+ +20006101%  —373421075 41750210716

where Ay is the reactive thermal conductivity. The
enthalpy difference 4h per particle (Paper I, Eq. 2) is

given by

Ah=5/2 kT +E;

13)

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System


http://cdsads.u-strasbg.fr/cgi-bin/nph-bib_query?1977A%26A....60..413N&amp;db_key=AST

FT977ARA © 760 ZAT3N

416 T. Nowak and P. Ulmschneider: Thermal Conductivity in Stellar Atmospheres II, without Magnetic Field

where E; is the ionization energy of the particle that is
being ionized. We have from Equation (6) of Paper I

Ar=5.208010" 2T~ 32[0, X . X 1. (63114 + T)?/Qyy 1+
+0.5053 X gy X + (114120 + T)2/ Qe e+
40,503 X gre+ X e+ +(252560+ T)?/Qpre e pros =1+ (14)

Here the concentrations o are given by

ocH=(NH+NH+)/(NH+NH+ +NHe+NHe+ +NHe++),
e = (Ngge + N+ + Nyge+ +)/(Nyg+ Nyg+ + Ny + N +

+Nyge++)s (15)
while the relative abundances X are given by
Xy=Ny/(Ny+Ny-),

XHe=NHe/(NHe+NHe++NHe++) etc. (16)

¢) Discussion

In the approximation formula for the coefficient of
thermal conductivity just described, the constants 4; and
C; have been fitted such that the rigorous calculations
assuming both LTE and coronalike ionization were
closely reproduced. The error of this fit is at most 10% in
the ionization regions and much less in other regions.
Because the errors in the rigorous calculation have been

estimated (see Paper I) to be considerably larger, the
approximation can be taken as an almost perfect fit.

The approximation formula moreover can be used
for any intermediate type of ionization law and for
arbitrary mixtures of H and He. The range of validity
may savely be extended to temperatures higher than
105 K because the approximation formula goes over into
the Spitzer (1962) formula in the limit of complete
ionization. At low temperatures the formation of mole-
cular hydrogen terminates the region of validity of our
approximation formula. A Fortran subroutine evaluat-
ing 4 has been written and tested by the authors and may
be obtained upon request.
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